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Abstract

Three conventional Large Eddy Simulation (LES) bound-
ary conditions, based on the instantaneous filtered veloc-
ity, are tested using simultaneously measured values of fil-
tered wall shear stress and filtered velocities, at locations
nominally within the log region of a turbulent bound-
ary layer at Ry = 3500. The data was collected using
arrays of hot-film wall shear stress sensors and x-wire
velocity probes. The models based on the streamwise
component velocity perform better than those which use
the wall-normal component. A new model, also based on
the streamwise component of velocity, is proposed which
more accurately describes the shear stress measured at
the wall. The new model is expected to be more appli-
cable over a larger range of Reynolds number and wall
normal positions within the logarithmic region because
of its agreement with the ‘outer-flow’ scaling similarity
of the streamwise component of velocity spectra.

Introduction

Recently a workshop [1] was conducted to discuss some
of the difficulties facing LES and the role of experimen-
tation in overcoming them. One of these difficulties is
the modelling of the wall boundary condition. In an LES
of a high Reynolds number boundary layer the grid size
is large compared to the smallest scales of the flow and
thus the first grid point in the simulation is usually in
the logarithmic region. Therefore, the sublayer is not
resolved and the boundary condition must account for
effects of this poor resolution. To account for this, the
no slip boundary condition is often replaced with a con-
dition on the wall shear stress based on the correlation of
the fluctuations of wall shear stress and velocity at the
first grid point above the wall.

This study considers the (1,3) component of three wall
shear stress models currently used in LES, where 1,2,3
represent the streamwise (x), spanwise (y), and wall-
normal (z) directions respectively. The three models an-
alyzed were developed by Schumann [10], Grotzbach [2]
and Piomelli, Ferziger & Moin [7] and following the con-
vention of [7] will be referred to as the ‘SG’, ‘shifted SG’,
and ‘ejection’ models. These models were analyzed in [7]
where the shifted SG and ejection models were found to
perform best based on results from a DNS of a turbulent
channel flow at Re; = U,d/v = 640, where § is channel
half-width, U, is wall shear velocity and v is kinematic
viscosity. Note that these three models assume that a
standard logarithmic law exists and have been used ex-
tensively in attached boundary layer calculations.

For this experimental study, an attached, nominally zero
pressure gradient, turbulent boundary layer at Re, =
1350 is considered. The modelled wall shear stress, ob-
tained from the filtered velocity components from three

X -wires, is compared to the filtered wall shear stress ob-
tained from nine wall shear stress hot-film sensors. The
models are compared based on qualitative observations
of the shear stress signatures along with quantitative sta-
tistical analyses of correlation coefficients and wall shear
stress energy spectra. Based on the results from these
comparisons a new model is proposed.

Existing wall shear stress models

A basic wall shear stress model used in LES is the Schu-
mann - Grétzbach (SG) model,
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where () denotes a long time average, (7) signifies the
spatial filtering operation , (7, ) represents the mean wall
shear stress and 7, represents the instantaneous mod-
elled wall shear stress. All wall shear stresses are kine-
matic stresses and the sign convention is the same as
that used in LES (the mean wall shear stress, —(7,), has
a positive value). Schumann [10] used this condition in
a DNS of a turbulent channel flow where (a(z,y, z)) was
determined using the logarithmic law of the wall while
(Tw) was obtained from the driving pressure gradient of
the channel. Grétzbach [2] used the same model except
for (u(zx,y,z)) the average velocity over a plane at posi-
tion z parallel to the wall was used while the log. law was
used to determine (7).

To better correlate the instantaneous fluctuations in the
wall shear stress with the instantaneous fluctuations in
the velocity at the first grid point above the wall the
shifted SG model incorporates a shift in the filtered ve-
locity signature,
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where A; is the streamwise displacement. This mod-
ification agrees well with the theory of inclined coher-
ent structures along the wall in the turbulent boundary
layer. The displacement can be found from experiments
or DNS and [7] suggest using A; = (1 — |z|) cot(8°) for
30< zT <50-60, and that at larger distances from the
wall 13° should be used.

In an attempt to better describe the sweeping and ejec-
tion events of vortex structures along the wall in a tur-
bulent boundary layer the ejection model uses the wall-
normal component of the fluctuating velocity such that

Tm(:z,y,z,t) = <Tw>+CU"'w(x+Asvy7Z7t)7 (3)

where U, the wall shear velocity, is equal to (—<Tw>/p)%
(p is the density of the fluid). w represents the filtered



Figure 1: View of experimental setup. (Flow is from left
to right)

wall-normal velocity component, and C is a dimension-
less constant of order 1. It was suggested that the wall-
normal velocity would better describe the fluctuating
shear stress at the wall.

Experimental method

Data was obtained in a boundary layer wind tunnel with
nominally zero streamwise pressure gradient where the
working section was 1.2 m wide, 4.7 m long, and nomi-
nally 0.3 m high. Measurements were made 3.2 m down-
stream of a trip-wire where the boundary layer thickness
6 = 64 mm. The Reynolds number based on momen-
tum thickness Ry = U10/v = 3500 where 0 is momentum
thickness and U; = 8.9 m/s is the free stream velocity.
The Karman number Re, = U,§/v = 1350.

Instantaneous streamwise wall shear stress components
were obtained with nine TSI flush mount hot-film sen-
sors. Figure 1 shows a view of the experimental setup.
The sensing films on all the probes were 0.15 x 1.5 mm
(approximately 3x30 viscous wall units). The nine shear
sensors were mounted flush with the top of a 76 mm
diameter Delrin plug in a 3 x 3 array with a distance of
6.02 mm between adjacent sensor centres which was then
mounted flush to the top of the wind tunnel floor.

Instantaneous streamwise and wall normal velocity com-
ponents were obtained using three Xx-wire velocity
probes. The wires were constructed in the laboratory
and were 5um copper coated tungsten wires with a 1
mm sensing length. As seen in figure 1 the wires were
mounted in an array in the spanwise direction above the
most downstream set of hot-film shear sensors. The wall
normal wire positions were z* = 2U, /v = 98, 123, 155,
196, 247, and 311.

The experimental setup is designed to replicate a compu-
tational cell immediately above the wall in an actual LES.
Following [8] a two-dimensional filter is used to approxi-
mate the three-dimensional filter used in an actual LES.
Taylor’s hypothesis was used with a convection speed of
U. = 0.82U; at all wall normal positions. A box filter
of length Ar = 18 mm (approximately 400 wall units)
was then applied in the streamwise and spanwise direc-
tions to obtain the filtered velocity. In agreement with
high Reynolds number simulations, the filtered velocities
are calculated at heights where the logarithmic law of
the wall holds and the filter size is made larger than the
vertical grid spacing. Box, Gaussian, and sharp spec-
tral filters, were all compared in the streamwise direction

but yielded negligible differences in the results. A two-
dimensional filter of the same size is applied to the wall
shear stress measurements. It is important to note that
a two-dimensional distribution of wall shear stress sen-
sors must be used since Taylor’s hypothesis is not valid
at the wall’s surface where the velocity is zero. The fil-
tered wall shear stress obtained from the nine wall shear
stress sensors will be referred to as the ‘measured’, 7,
wall shear stress and it will be compared to the ‘mod-
elled’, 7,,, wall shear stress obtained from the filtered
velocity using equations (1), (2) and (3).

Results

SG models

Representative samples of 7, and 7, at 2t = 98 are
shown in figure 2(a). The correlation coeflicient between
the wall shear stress signatures,
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where primes denote a fluctuating quantity, are shown in
figure 2(b). T is the time delay between the two signals
and both are non-dimensionalised by their rms values.
The 2z values used, except z+ = 311 which is slightly
beyond, correspond to positions in the boundary layer
where the mean velocity profiles follow the logarithmic
law of the wall. The energy spectra of the wall shear
stress fluctuations are shown in 2(c),
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where f is frequency, F.T'[] signifies the Fourier transform

and * indicates a complex conjugate. All spectra are

normalised such that
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It should also be noted that ®,(f/f.) is defined as the en-
ergy spectra per non-dimensional frequency f/f., where
fe =U./(2md) is a constant.

The high frequency oscillations in the modelled shear
stress spectra seen figure 2(c), are a result the box fil-
ter but have negligible effects given the low energy con-
tent of the signals at those high frequencies. Also the
step observed in the measured shear stress spectrum is
an indication of some cross-correlation between the nine
hot-film sensors. However, again at those frequencies the
energy levels are negligible.

The disagreement between 7, and 7,, can be seen quali-
tatively in figure 2(a) while figures 2(b) and (c) quantify
the statistical significance of this disagreement. Figure
2(b) indicates moderate levels of agreement with the rel-
ative bluntness of the peak and the decrease in correlation
with increasing distance from the wall. These findings,
along with the inferred structure angles (deduced from
Taylor’s hypothesis, the time lag, and the wall normal
distance from the wall) are consistent with the results of
[9] who studied single point shear stress and velocity cor-
relations and is suggestive of coherent structures in the
turbulent boundary layer. It is because of this height-
ened correlation along structures (shift in time lag) that
the shifted SG model was originally proposed.

A more significant discrepancy is seen in figure 2(c) with
the lower energy content of 7,,,. While the shapes of the
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Figure 2: SG model. (a) Representative filtered wall
shear stress signatures at z* = 98. (b) Correlation coef-
ficient. (c) Energy spectra.
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Figure 3: Shifted SG model. Correlation coefficient.

spectra are similar, the collapse of the 7,,, over the range
of wall normal positions is only fairly good and this may
have negative consequences for the SG model when ap-
plied to higher Reynolds number flows. A solution to
this is discussed in the alternative model section. Shift-
ing the filtered velocity signature A, as suggested by [7]
improves the correlation of the phases of the shear stress
signatures (figure 3) but has no effect on the spectra.

Ejection model

The ejection model was developed by [7] with hopes to
better characterize the shear stress at the wall occurring
from sweep-ejection events by using the wall-normal com-
ponent of velocity. However the ejection model, seen in
figure 4, less accurately predicts the wall shear stress than
either of the SG models. The maximum correlation coef-
ficients are less than 0.25 ,which is half as strong as the
SG models, and the spectra show significant differences
in shape. The 7,-spectra (figure 4(b)) have a higher en-
ergy content at higher non-dimensional frequencies. Note
that for the figures shown the dimensionless constant,C,
was taken to be 0.6 which improves the agreement com-
pared to using the suggested value of 1.0. It is uncertain
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Figure 4: Ejection model. (a) Correlation coefficient. (b)
Energy spectra.

if the good agreement with the ejection model suggested
by [7], (DNS of channel flow at Re. = 640) suggests
that low Reynolds number effects are important. In [7]
no correlation coefficient nor spectral comparisons were
shown.

Alternative model

The analysis of the previous three models suggests that
the streamwise component of velocity more accurately
describes the wall shear stress than the wall-normal com-
ponent. However, the models based on the streamwise
component of velocity still show significant room for im-
provement. Two deficiencies have been discovered. First,
they do not accurately estimate the level of energy in the
wall shear stress, and second, they do not give equivalent
estimates of energy content at different wall-normal po-
sitions in the logarithmic region. The latter is expected
to be worse for larger Reynolds numbers. Therefore, we
propose a new model based on the streamwise component
of velocity,

Tm(mvyvzvt) = <Tw>
—aU- [E(I + AS::’/a Z, t) - <ﬁ(l,y, Z7t)>]7 (7)

where « is a characteristic constant.

The new model was developed such that the 7,,-spectra
will collapse to one curve for all positions in the loga-
rithmic region for all Reynolds numbers. It is antici-
pated that the low-frequency filtered u;-spectra will fol-
low standard wui-spectra and collapse with ‘outer-flow’
scaling (®u, (£/£.)/(U3) = g(f/f.)) [5] and that the fil-
tering operation will collapse the data at the high fre-
quencies. Therefore, since the filtered ui-spectra are ex-
pected to collapse the 7,,-spectra are expected to also.
Note that using Taylor’s hypothesis with the modelled
stresses implies that f/f. = k16, where ki is streamwise
wavenumber. Results can be seen in figure 5, note that
the correlation results will be the same as the shifted SG
model. As seen in figure 5(b) the 7,,,-spectra are shown
to collapse very well. The lack of collapse at low non-
dimensional frequencies is in agreement with Perry and
Li [6] who suggest that it results from convection velocity
variations in the use of Taylor’s hypothesis.
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Figure 5: New model. (a) Representative filtered wall
shear stress signatures at 2™ = 98. (b) Energy spectra.

For this attached, zero pressure gradient turbulent
boundary layer the constant « has been set to 0.10. How-
ever, support for ‘outer-flow’ scaling in the logarithmic
region over a range of pressure gradient flows also ex-
ists ([4] studied adverse pressure gradient flows and [3]
studied favourable pressure gradient flows). The level
at which the 7,,-spectra collapse is thus dependent on
pressure gradient, and accordingly o has been termed a
characteristic constant. Future work will determine what
functional form the constant will take but current knowl-
edge suggests its dependence on geometry and pressure
gradient will be relatively weak. It should be noted that
while the result in figure 5(b) show the desired collapse
of the individual 7,,-spectra across the wall normal posi-
tions, the agreement with the 7,.-spectra is not complete
across all the energy-containing non-dimensional frequen-
cies. This is a limitation of using any model based solely
on the streamwise velocity component alone.

Conclusions

Three existing wall boundary condition models used in
Large Eddy Simulations of a turbulent boundary layer
were tested. The study was confined to the streamwise
component of the instantaneous wall shear stress. Con-
sistent with a high Reynolds number simulation the first
grid point (wall-normal position) was taken to be within
the logarithmic region. The two models (SG and shifted
SG) based on the streamwise component of velocity were
found to give better estimates of the filtered wall shear
stress than the ejection model, which is based on the
wall-normal component of velocity.

Based on the analysis of the previous models a new
model is proposed which also uses the streamwise
component of velocity at the first grid point above the
wall. Similar to the other models tested it is intended
for attached boundary layers where the mean wall
shear stresses are known. The new model incorporates
the attractive features of the shifted SG model which
account for inclined coherent structures near the wall
and, since the streamwise component of velocity spectra
follow ‘outer-flow’ scaling similarity as described by [5],
the modelled spectra will likely agree with each other

for any positions within the logarithmic region at any
Reynolds number. In doing so it better estimates the
filtered wall shear stress than any of the other existing
models tested. It is believed that this is the best model
that can be proposed based on one-point information
of the filtered streamwise velocity component. The
proposed model is also simple enough to be used directly
in existing LES codes.
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