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Abstract

In this paper, we evaluate the ¥ — eand k — w
turbulence models in terms of their accuracy in
predicting the Reynolds shear stress in equilibrium
boundary layers under arbitrary streamwise pressure
gradients. The models are tested against the theoret-
ical formulation of Perry et al. (1994) which is based
on the law of the wall and law of the wake formula-
tion of the mean velocity profile. Using this formula-
tion, we study the effect Reynolds number and pres-
sure gradient has on the eddy viscosity distribution
in the boundary layers flows. In the viscous sub-layer
and the buffer layer of zero-pressure gradient boundary
layers, the normalized eddy-viscosity, 1/% , is found to
be independent of the Reynolds number. A damping
function is derived for the k — € model from the the-
oretical value of v} in the sub-layer and buffer layer,
and is used to evaluate several low Reynolds number
versions of the k£ — e model. In the the defect layer,
log layer and beyond, the ratio of V}L to the Reynolds
number based on the friction velocity is found to be
self-similar, which is consistent with the theoretical
formulation. Also, there is a strong influence of the
pressure gradient on the distribution of u; in this re-
gion. The k — e model prediction is found to be close
to the theoretical values of v} for favorable and mild
adverse gradient flows, whereas the k —w model works
better for strong adverse pressure gradient cases.

1. Introduction

Reynolds stresses play an important role in all tur-
bulent flows. It represents the effect of turbulent fluc-
tuations on the mean momentum transfer in the flow.
In the Reynolds averaged Navier-Stokes (RANS) for-
mulation, the key responsibility of a turbulence model
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is to predict the Reynolds stresses correctly. Differ-
ent turbulence models employ different modeling tech-
niques to obtain the Reynolds stresses.! Most alge-
braic, one-equation and two-equation models formu-
late the Reynolds stresses in terms of a turbulent
eddy-viscosity, which is computed either directly or
indirectly from other turbulent and mean flow quan-
tities. On the other hand, second-order closure mod-
els directly solve modeled transport equations for the
stresses. The one- and two-equations models are used
widely for practical applications, mainly because they
have a good balance of versatility and simplicity com-
pared to other models. Among two-equation models,
the k — € and k — w turbulence models are commonly
used. These models solve modeled transport equations
for the turbulent kinetic energy, k, and its dissipation
rate, €, or the specific dissipation rate, w = ¢/k. The
eddy viscosity, vr, is then computed in terms of k, ¢
and w.

Turbulence models are based on various modeling
assumptions. Also, there are several constants and
empirical damping functions in these models that are
generally calibrated to experimental or direct numer-
ical simulation (DNS) data of some simple flows, for
example, zero pressure gradient boundary layers, free
shear layers, etc. When applied to more complex prac-
tical flows, the validity of some of these assumptions
and calibrations limit the performance of a turbu-
lence model. For example, it is well known that the
k — e model fails to predict boundary layer flows un-
der strong adverse pressure gradient, and most models
have difficulty in predicting non-equilibrium turbulent
flows. In this paper, a turbulent boundary layer is re-
ferred to as being in equilibrium if there is approximate
self-similarity in the mean velocity profiles. Thus, test-
ing of these models for a wide range of flows is very
important. It leads to a better understanding of the
limitations of each model and also suggests ways to
improve them.

The k — e and k — w turbulence models have been

tested against a range of experimental test flows,23
where the predictions of the turbulence models are
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compared mostly to measurements of the mean ve-
locity profiles and the skin friction coefficient. These
comparisons, however, may not be enough to test the
modeling of the Reynolds stresses in these flows. This
is because two flows with the same skin friction coef-
ficient and same velocity profile can have drastically
different Reynolds stress profiles.* Therefore, in or-
der to assess the accuracy of the model predictions
of the Reynolds stress, we need Reynolds stress data
from the experiments. This is a severe restriction, be-
cause Reynolds stress measurements are available for
very few flows,5 and secondly, the measurements of
the Reynolds stress have limited accuracy.

An alternative to experiments is DNS, where the
Reynolds stresses can be computed very accurately
and used for model evaluation. There are several works
in this direction — Rodi and Mansour,® Sarkar and
So,7 Sinha et al.,® etc. However, DNS data are limited
to flows at Reynolds number, Re, much lower than
what is encountered in practical applications. There-
fore, the results obtained from DNS based testing has
limited application. Most of the works cited above use
the DNS data to study the modeling of the Reynolds
stresses in the low Re region close to a solid wall.

Testing of turbulence models using experimental or
DNS data is possible only for the test flows for which
data is available. This restricts the evaluation of the
models to a limited number of test cases. If we assume
that a flow is defined in terms of several parameters, for
example, pressure gradient, Reynolds number, equilib-
rium parameter, etc., then these test cases correspond
to a limited number of test points in the whole param-
eter space. The information obtained from these tests
is not sufficient to get a comprehensive assessment of
the models over the whole range of flow conditions. In
this regard, the approach presented in the paper is very
useful, wherein the Reynolds shear stress can be ob-
tained theoretically for a boundary layer which is two-
dimensional in the mean, under a wide range of flow
conditions. The formulation is based on the assump-
tion that the mean streamwise velocity follows the clas-
sic log-layer, law of the wake form.® This velocity pro-
file is then used to obtain the Reynolds shear stress
across the boundary layer by integrating the mean mo-
mentum and continuity equations. Thus, for a given
set of parameters discussed above, the Reynolds stress
is obtained theoretically and is used to evaluate the
k — e and k — w turbulence models.

The paper is organized as follows. The theoreti-
cal formulation is presented in Section 2, where the
procedure to obtain the Reynolds shear stress and the
eddy viscosity for a given set of flow parameters is out-

lined. We then validate the approach in Section 3 by
comparing to experimental and DNS data of several
test flows. This is followed by model testing in Sec-
tion 4, where the Reynolds shear stress predicted by
the k£ — e and k — w turbulence models are compared
to the theoretical profiles for different flow conditions.
Here, we focus on equilibrium boundary layers under
different pressure gradients and at different Reynolds
numbers. The testing is done in three parts. First, we
test the models in the log layer and study the effect of
Re and pressure gradient on the eddy viscosity. Sec-
ond, we look at the viscous sub-layer and the buffer
layer, and test the modeling of the low Re effects on
the Reynolds shear stress in this region. Lastly, the
defect layer is analyzed to study the effect of pressure
gradient, and the turbulence models are evaluated for
several conditions. The results from these model eval-
uations are summarized in Section 5, along with some
comments about future work in this direction.

2. Formulation

We use the analysis developed by Perry et al.1® to
obtain the Reynolds stress distribution in general two-
dimensional turbulent boundary layers. The basis of
the analysis is the assumption that the mean velocity
profile follows Coles? logarithmic law of the wall and
law of the wake formulation, given by

Y= g (L) A+ Swm, ()
Ur K v K
where u is the mean stream-wise velocity, u, = v/7o/p
is the friction velocity, 7o is the wall shear stress, p
is the density, & is the Karman constant (=0.41), v
is the kinematic viscosity, y is the wall-normal coor-
dinate, A is the universal law of the wall constant
(=5.1), II is Coles wake factor, W, is Coles wake
function, and 1 = y/4&, where § is the boundary layer
thickness. We use the wake function proposed by Jones
et al.,}!
2 1y

We(n, 1) = 2°(3 ~ 20) — 3 - (2)
The form (1) assumes that the logarithmic law of the
wall is valid right down to the wall, and thus neglects
the near-wall viscous effects. In order to include the
viscous sublayer and the buffer layer, we replace the
log-layer part in Eq. (1) by Reichardt’s formula,!1+12
such that the overall velocity profile is given by,

1—?— = fily*) + %Wc(”’n) J @

T
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where

Alh) = —,lglog(l +ryt) + (A _ 108;'5’*)) y

(4)

+

1 —exp vy v exp(—0.33y™)
11 11 ) ’

The validity of this assumption for the mean velocity
profile will be shown in the next section.

The velocity defect form of the mean velocity pro-
file (3) is given by,

Us—u
Ur

=f(77’HaS)a (5)
where U, is the free-stream velocity, and

f(n,11,S) = fi(Re;) — fi(Rern)

Il Il (6)
+ ;Wc(lan) - ;Wc(ﬂ, H) .

Here, Re, = u,d8/v is the Reynolds number based
on friction velocity (also referred to as the Karman
number), y* = u,y/v is the wall-normal coordinate
in wall-units, and is related to 7 as,

y* =Re.m. M

It is to be noted that the boundary layer thickness is
defined as,

5*
é= ES, 8)
where §* is the displacement thickness,
1
C = [) f(ﬂ,n, S)dna (9)
and S is defined as,
U, 9 \1/2
s-2=(4) (0
where Cy is the local skin friction coefficient,
70
Cr=+—. 11
Yz ()

Using Eq. (8), it can be shown that S, Re, and II
are uniquely related as

S = fi(Re,) + %WC(I,H). (12)

It is assumed that the mean flow is steady and two-
dimensional, and that the stream-wise derivatives of

normal stresses can be neglected. Thus, the mean con-
tinuity and streamwise momentum equations are given
by

ou Ov
5—:;-'-_35_0’ (13)
ou Ou 1dP 107
U£+U-a-§———;£ ;a—y, (14)

where v is the mean wall-normal velocity component,
and z is the stream-wise coordinate, P is the free-
stream static pressure and T is the local effective shear
stress given by,

T — du
—=—uv+rv—. 15
p By (15)

Here, v Ou/8y is the viscous contribution and —u'v’
is the Reynolds (kinematic) shear stress, where 4’ and
v’ are the fluctuating components of velocity in the z-
and y-directions, respectively, and the overbar repre-
sents Reynolds averaging.

Using the velocity defect-form (5) to integrate
the continuity and momentum equations, Perry and
Marusic!® obtained the result

,
™= == g0(m,1LS) + (0, ILS) + 02(n, IL, S)B,

(16)
where

dll
(=56 T
will be referred to as the equilibrium parameter, and

_ap
_To dz

is the Clauser parameter. The functions g9, ¢1 and
g2 can be generated quite easily by using Mathematica
or any equivalent package, or by numerical integration.
The normalized Reynolds stress can, thus, be obtained
as

1 of

—u'v’ T

= = 17
u? 7 Re,0n’ (17)
and the normalized eddy-viscosity is given by
+
+_vr 7" Re,
v =—=—-1— ———. 18)
T=5 @f /0 (

Thus, 7+ and V; are functions of five parameters,
namely, n, II, S, 8 and (, and can be evaluated
theoretically for any two-dimensional boundary layer
flow once these parameters are specified.
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3. Validation

In this section, we present comparison of shear
stress profiles computed from Eq. (16) with experi-
mental and DNS data of flows described in Table 1.
The first flow corresponds to the DNS of a favorable
pressure gradient boundary layer of Spalart,’* and
was used to validate the above formulation by Jones
et al.!! The remaining test cases are by Marusic and
Perry,* and they correspond to different stream wise
locations of a boundary layer developing under non-
equilibrium adverse pressure gradient (the flow num-
ber in Table 1 corresponds to the z-location in the
experiment). The value of § and Re, for each flow is
also given in Table 1 along with the value of II that
fits the respective velocity profile.

To validate the formulation presented in Section 2,
we first look at the underlying assumptions. The main
assumption is that the mean velocity profile has the
logarithmic law of the wall and law of the wake form
given in Eq. (1). Coles® compiled experimental data
for boundary layers from different sources to show that
the above assumption is valid. Also, Reichardt’s for-
mula for the viscous sub-layer and the buffer layer (4)
has been shown to compare well with experimental
data.!? To elucidate the point, we present the mean
velocity profiles of the flows listed in Table 1 (Fig. 1).
We see that the formula (3) fits the experimental or
DNS data points very well.

The analysis also assumes that the stream-wise
derivative of the normal stresses is negligible compared
to the contribution of the shear stress, which is valid
in boundary layers not close to separation, and the
formulation is applicable only to flows which are two-
dimensional in the mean. Fig. 2 shows the comparison
of the computed results with the experimental or DNS
data of the test flows. We see that the formula (16)
matches reasonably well with the experimental data of
Marusic and Perry.* Spalart’s DNS data is also repro-
duced very closely by the formula (17).

Flow B II Re, Symbol
Sink flow  -0.59 0 550 >
1200 0.0 0.57 978 O
1800 065 0.85 1162 v
2240 1.45 1.38 1195 O
2640 290 2.01 1260 v
2880 448 262 1271 q
3080 716  3.37 1252 o

Table 1. Test flows used for validating the formula-
tion in Section 2.

taaaal AN EET | L
. 10° 10°
y

bbbz 1ial i
010° 10'

Figure 1. Mean velocity profiles of the flows listed in
Table 1. Comparison of formula (3) with the experi-
mental or DNS data points.

2
T

T,-0’v/u

+

Figure 2. Comparison of 7+ computed from Eq. (16)
for the flows by Marusic and Perry (1995) with the ex-
perimental data. The Reynolds shear stress computed
for Spalart’s sink flow is also compared with the DNS
data.

The Reynolds stress and eddy viscosity distribution
obtained from Eqgs. (17) and (18), respectively, depend
on the velocity profile. Therefore, the results may de-
pend on the values of the parameters that define the
velocity profile, namely, £, A and II. The value of
these parameters are obtained by fitting to experimen-
tal or DNS data, and therefore have some uncertainty.
For example, reported values of k in the literature
range from approximately 0.38 to 0.43 for experimen-
tal boundary layers.!516 The value of II for zero pres-
sure gradient is nominally taken to be about 0.55, but
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it may vary between 0.45 and 0.65.17 Similarly, there
is some uncertainty in the value of the log-layer con-
stant, A. Here, we study the sensitivity of the results
presented in the paper to the values of these constants.

Fig. 3(a) shows the distribution of v in a zero
pressure gradient boundary layer at Re, = 10000 for
values of k = 0.38,0.41 and 0.43. We see that there is

small sensitivity of V;: to the value of k, and the peak

vy changes by less than 7% from the & = 0.41 curve.
Similarly, Fig. 3(b) shows that the peak v} value
changes by less than 5% for values of II is the range
0.45 to 0.65 as compared to Il = 0.55. Finally, it is
expected that there will be very little sensitivity of the
result to the value of A, because it has negligible con-
tribution in the velocity defect formulation. Thus, the
overall sensitivity of the eddy viscosity to the value of

the constants used in the velocity profile is small.

1000
8001 k=043
PN x =0.41
| 2T T~ ~.
600 7 k=038 NN
- ’/ / N \
+_ 3 // AN
> F 9 \\
a00F [/ N\
[ N\
C N\
-/ \
| A\
200 \
PR S RENT R TR S SUNT S N T SR SN SR N S SRS SR
@ 9 0.25 0.5 0.75 1
n
1000
8oof 045
[ T~ T1=0.55
| /3 N
600} v 0.65 "X\,
+ b \'\\\
> 3 AN
- \. \
400 N\,
- RN
AN
RN
L \'_-\‘
200} Y
0 SR IR U VRN T N TR SN TN SN N S SR T S SR S T
® 0 0.95 0.5 0.75 1
n

Figure 3. Sensitivity of Vif to variations in the value
of the constants that define the mean velocity profile
- (a) &, and (b) II.

4. Results

In this section, we use the formulation presented
in Section 2 to study the effect of Reynolds number
and pressure gradient on equilibrium boundary lay-
ers ({ = 0). The eddy viscosity computed using for-
mula (18) for these boundary layers is compared to
what is predicted by the k — € and k —w models. The
results are presented in three parts — log layer, viscous
sublayer and buffer layer, and defect layer.

Log-layer

We first look at the effect of Re on the eddy viscos-
ity distribution in the log-layer of zero-pressure gra-
dient boundary layers. Figure 4 shows the variation
of v} as a function of y* in the log layer of bound-
ary layers at different values of S, which correspond
to different Res« = U.d/v (Table 2). Here, we con-
sider the log-layer to be nominally valid for y+ > 100;
y/8 < 0.15 (following Spalart)!®. Thus, the log-layer
extends to higher y* for higher values of S, or higher
values of Res« . It can be seen from Fig. 4 that 1/; for
each S is close to the vt = ky* curve (line with sym-
bols) at ¥ ~ 100, and they deviate from this limiting
curve at higher yt. The deviation of vi from sy
at a given y* is smaller for the higher Re flows than
that of the lower Re cases. This suggests that in the
log-layer v} — ky* as Re, — oo. This is, however,
not true, because if we look at the whole log-layer for
each flow, the deviation from v = ky* at the outer
edge of the layer is comparable at different Re,. Also,
even for high enough Reynolds numbers, these curves
do not collapse. Thus, we can conclude that V; is not
a function of y* alone in the log-layer. Instead, if we
plot the quantity VIF" /Re, as a function of 5, then all
the curves for different Res- are seen to be identical
(Fig 5). Thus,

vi = Re,F(n) = Re;F(y* /Re,). (19)

This result can also be derived using Egs (6), (16)
and (18). It can also be seen from Fig. 5 that v}
deviates substantially from the vi = ky* curve, near
the outer edge (n ~ 0.15). Note that there is a small
deviation from the v} = kyt curve for y* < 100
(Fig. 4). This corresponds to the viscous sublayer and
the buffer layer. We will study these regions in detail
later.

Wilcox! gives the values of k, ¢ and w in the
log-layer as obtained by solving the model equations.
Thus, it is shown that both the k—e and k —w models
predict v§ = ky*, where the value of & as obtained
from the k — € and k — w models are 0.433 and 0.41,
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S Re-,- RCJ«
26 2444 7821
27 3684 11789
28 5552 17768
29 8368 26777
30 12610 40352
31 19002 60807

Table 2. Value of S, Re, and Res« correspond-
ing to the zero pressure gradient flows shown in Fig. 4.

AL B R S L ML LI R
400 S =31
$=30 %
300 . Zi
[ Vr=KY 2
b I /"/// . i
b B - .:
200:- p /..//,///27 i
v p
i /.gf"S =26 ]
100 B //’ .
O FUNETISU ST IO TR RO IO (UM SN TSN TN TR TN SUNN (N TR M S i
0 250 500 750 1000
y

Figure 4. Variation of v}t with y* in the log layer
of boundary layers at zero pressure gradient.

respectively. This linear behavior corresponds to the
limiting curve shown in Fig. 4, and it matches v only
near the lower edge of the log-layer. As pointed above,
the deviation from this limiting curve predicted by the
models at the outer edge of the log-layer is substantial
at any Re. Moreover, it can be seen from Eq. (19) that
1/% is a function of y* as well as the Reynolds number.
The latter dependence is ignored by the turbulence
models.

We next study the effect of pressure gradient on the
distribution of eddy viscosity in the log-layer. Fig. 6
shows V}' as a function of y* in several flows at dif-
ferent adverse and favorable pressure-gradients that
were experimentally studied by East et al.1® The lim-
iting curve v} = sy is also shown for reference.
The different curves are identified by the correspond-
ing Clauser parameter values. We see that v} for the
adverse pressure gradient flows are much higher than
the zero pressure gradient case (8 = 0), whereas the

favorable pressure gradient flows have lower vy .

0.1
0.08} -
:- V+ =K +/ //'
o 0.06 [ T /}"/ /
& i 7
s - s
> 0.04f L
[ P
0.02f
0 » . L L1 . 1 A L
0 0.05 0.1 0.15 0.2
n

Figure 5. Variation of v /Re, with 7 in the log layer
of boundary layers at zero pressure gradient. Range of
S values, shown in Fig. 4, are considered.

250

200

IR

T - | I T S
200 300 400

y

PRI S T T |
0 100

Figure 6. Variation of 1/; with y* in the log layer
of boundary layers with pressure gradient by East et
al.1®

Wilcox?® used perturbation analysis to obtain the
solution of the k — w equations in the log layer for
non-zero pressure gradients. Thus, the eddy-viscosity
as predicted by the model is given by,

1+1.16 ¢yt
F o=yt | ——— 2 20
= (1—-0.30¢y+ ’ 20)
where P
v
¢= pud dz '

is a small parameter. Fig. 7 shows the comparison of
the above formula to v curves for some of the flows
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Figure 7. Evaluation of the k — w model in the log
layer of boundary layers with pressure gradient by East
et al.’® The lines correspond to the theoretical values,
whereas the k—w formula (20) are shown by symbols.

presented in Fig. 6. Here, lines represent the theoret-
ical values computed from Eq. (18), and the symbols
correspond to v3: obtained from Eq. (20). Note that
Eq. (20) is derived by assuming that ¢y < 1 so that
the terms involving higher orders of ¢yt can be ne-
glected. This sets an upper limit to the value of yt ,
say y; .., for which the formula is valid. In Fig. 7, we
use solid symbols in the range y* < y;t .. and open
symbols beyond that. Comparing the theoretical val-
ues to the model predictions for each flow, we see that
Eq. (20) predicts the theoretical v reasonably well
in the range of its validity (solid symbols), although
the prediction is lower than theory for the favorable
pressure gradient flow and higher than theory for the
adverse pressure gradient cases. Note that the region
¢yt < 1 in which Eq. (20) is valid, is very limited
for stronger pressure-gradients (for example, 8 = 1.90
case). Thus, we need to include the higher order terms
in Eq. (20) to evaluate the model at higher yt.

Extending the procedure followed by Wilcox,2? we
look for solutions of the form,

%3 = Z—; 1+uigyt +ua(ept)’ +..],
2
k= \%r [1+kigyt + k(w2 +...], (D)
W= \/gg";y [1 + w1¢y+ + W2(¢y+)2 +.. ] .

By substituting these into the simplified momentum
and k—w equations for the log-layer,® the values of the
coefficients (u1, ki1, etc.) can be evaluated. Solving

AIAA 2001-2837 7

for the first order terms, we get

Uy = ——0.48, k?l = 1.16, wyp = —0.32,

which match the values quoted by Wilcox.2° For the
second order terms, we get

ugs = —1122.9, ky; =1.22, we =11219.
In the flows by East et al.,’° ¢ = O(1073), and in the
log-layer, y* > 100, so that

ua(py™)? > 10% uy (gy™)

and
wa(dy*)? > 107 wy (gy™).

Thus, the second order terms cannot be neglected. In
fact, some of the third and fourth order coefficients
are found to be O(10%) and O(10°), respectively, and
therefore these terms cannot be neglected. We may
even need to keep terms of order higher than four.
Thus, the first order solution is not accurate and the
validity of Eq. (20) is highly questionable. A similar
analysis of the k—e model resulted in a solution, where
the higher order terms again could not be neglected.
Thus, the procedure based on the form of the solution
(21) is found to be not suitable for these cases.

Viscous sublayer

Figure 8 shows the variation of v with y* in the
viscous sub-layer and the buffer layer of boundary lay-
ers at zero pressure gradient. The curves correspond
to values of S between 26 and 32, alternatively Re,
between 2000 and 28000. The limiting curve in the log-
layer, u}’ = gyt, is also shown for comparison. We
see that all the different Re curves collapse together
in the viscous sublayer and buffer layer, but they show
some variation in the log-layer. Specifically, 1/;5 for
the high Re, cases are very close to the sy value,
and v} for the lower Re, flows are somewhat lower
than ky™. Note that the lower Re curves never quite
reach the limiting log-layer value.

In the k — € turbulence model, the eddy-viscosity is
modeled in terms of the turbulent kinetic energy, k,
and its dissipation rate, €. In non-dimensional form,

+ k*?
VT = Cﬂfﬂ-e—_"_— s (22)

where k¥ = k/u? and ¢t = ev/ul. ¢, is a
model constant and is generally accepted to be 0.09,
and f, is a damping function. f, = 1 in the log
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Figure 8. Variation of v§ with y* in the viscous
sub-layer and the buffer layer of boundary layers at
zero pressure gradient at different Reynolds numbers.

layer and is lower than unity in the viscous sub-
layer and the buffer layer. Different versions of the
k — e model prescribe different forms of the damping
function. The idea is to obtain f, from v computed
from Eq. (18) and compare it to the model damping
functions. It is to be noted that the k¥ — w model does
not use any damping function.

In order to compute f, , we need to solve the
modeled transport equations for k¥ and e*. A sim-
plified form of the equations presented by Jones and
Launder?! for the viscous sub-layer through the log-
layer is given by,

L(out\? 1 fakt\?
V. —_— -— € o m— ———
T\ oyt 2k+ \ 9y+

0 vi\ 0kt
* BT [(”a:) ay—J =0

(23)
+ (Ou e+’ + (0%t
s () - 0 25
0 v\ et
v (%) 5 o
(24)

where ¢;, ¢; are model constants, fi and f, are em-
pirical damping functions to account for the near wall
effects on the e-equation, and oy and o, are corre-
sponding Prandtl numbers.

¢ =144, ¢, =192,

or=10, o.=13,

0.1}F -

Figure 9. Variation of ¢, f, with y* in the viscous
sub-layer and the buffer layer of boundary layer at zero
pressure gradient at Re, = 1400.

fi=1, f2=1-03exp(—Re%),

where Rep = k+”/e* is the turbulent Reynolds num-
ber. The convection terms are neglected in the above
equations. The boundary condition at the wall are

kt=¢t =0, (25)

and in the log-layer (v4 > 1), and the solutions to
Egs. (23) and (24) are

1
kt = — +t = vi = ryt. (26)

- - b

ok oy

We solve the k — eequations (23) and (24) sub-
jected to the boundary conditions (25) and (26) using
a fourth order Runge-Kutta method. We apply the
log-layer conditions on k* and ¢*, and integrate to
the wall, varying 8k*/8y* and 8et/8yt until the
wall boundary conditions (25) are satisfied. For the
values of v} and u*, we use the results obtained from
Eq. (18) and (3), respectively, for the case of § = 0
and Re, = 1400. Thus, we get the profiles of k*
and €T in the viscous sub-layer through the log layer,
which can now be used along with Eq. (22) to get,

fet

cufu = et (27)

which is shown in Fig. 9. We see that c, f, reaches an
asymptotic value in the log-layer (y* > 100), whereas
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Model Code f,

Launder-Sharma?? LS exp (—3.4/(1+ 0.02Rer)?)

Chien?? CH 1 — exp(—0.0115y™)

Lam-Bremhorst?* LB [1 — exp (—0.0165y*)]? (1 + 20.5/Rer)

Shih-Mansour 2° SM 1— exp(—6 x 1073y+ — 4 x 10~ 4y+>
+2.5 x 10-8y+% — 4 x 10-%*%)

Nagano-Tagawa?®  NT [1 — exp (—y+/26)] (1 +4.1/Re¥! 4)

Rodi-Mansour® RM  1-exp(—2x 10~4* — 6.5 x 10~%y+?)

Myong-Kasagi?? MK (1+ 3.45/v/Rer) [1 — exp(—y™/70)]
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Table 3. Damping function, f,, used in different low Re versions of the k¥ — e turbulence model. Here,

yt =u.y/v, v* = k'/?y/v and Rer = k?/ve.
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Figure 10. The ratio v3:/(ky™) at y* = 100 as a
function of Re, for boundary layers with zero pressure
gradient.

it is comparatively lower in the viscous sub-layer and
the buffer layer (y* < 100) due to the damping effect
of the wall that reduces the eddy viscosity. In the limit
yt =0,

k= 0(y?),

et =0(y), vi=0(@%,

so that ¢, f, = O(1) and reaches a constant value.
The value of c,f, in' the log-layer (y* ~ 100) is
about 0.077, which is lower than the generally accepted
value of ¢, = 0.09 (f, = 1). This is mainly due to
the fact that the flow considered here is at a relatively
low Reynolds number (Re, = 1400), for which 1/,}" is
considerably lower than sy in the log layer (Fig. 8).

Similar low values of c,f, are also reported by Rodi
and Mansour® using DNS data of low Re boundary
layers. In order to study this Reynolds number effect,
we plot the ratio of v at y* = 100 to the limiting
value kyt for different Re, flows (Fig. 10). It can be
seen that the ratio (v /ky*)y+=100 asymptotes to 1
for high values of Re,, and it drops lower than unity
near Re, = 1000. If we assume that f, = 1 in the
log-layer (y* ~ 100), then

(lf.rt) = G
Kyt y+=100 0.09

and thus the curve shown in Fig. 10 can be interpreted
as the decrease in the value of ¢, from 0.09 at low
Reynolds numbers. On the other hand, if we assume
that ¢, = 0.09, then the asymptotic value of f, at
large y* is a function of the Reynolds number and is
given by the ratio (v /ky*)y+=100 in Fig. 10.

The damping functions prescribed by some of the
commonly used versions of the k& — e model are listed
in Table 3. The damping functions are calibrated
to reach a value of unity at large y*. Thus, they
are valid for high Re flows (for which v ~ syt at
y* ~ 100), and do not account for the low Re effect
discussed above. Thus, a comparison of the model
damping functions with the theoretical f, computed
using Eq. (27) for a high Re flow will assess the ac-
curacy of the models. However, in the absence of the-
oretical f, for a high Re flow at this point in time,
we re-scale the f, for Re, = 1400 by using a value of
¢, smaller than 0.09 such that f, =1 at y* ~ 100.
The results are shown in Fig. 11, where the solid sym-
bols correspond to the f, obtained from Eq. (27) and



2
. Theory —-—v—vmvimrm SM
| MK  ———— LB
1.8fp — NT x LS
I Tmm—— RM + CH

Figure 11. Evaluation of different model damping
functions {Table 3) against the theoretically obtained
fu for a boundary layer at zero pressure gradient at
Re, = 1400.

the different models are identified by the codes given
in Table 3. Also, it is to be noted that f, obtained
theoretically is based on the Jones and Launder model,
and some of the other models in Table 3 have a slightly
different formulation (see Ref. 6 for details). How-
ever, based on the DNS data presented by Rodi and
Mansour,® we expect that these differences will result
in very little variation in the theoretically computed
fu for y* > 10. Therefore, the f, obtained from
Eq. (27) using the Jones and Launder formulation of
the k — e turbulence model can be used to evaluate
different model damping functions. From the model
testing in Fig. 11, we see that the model by NT com-
pares very well with the theory, and the model by RM
is also reasonably good. The damping functions by
MK and SM under-predict the theoretical curve. The
damping function by LS rises too quickly but is lower
than f, from theory for y* > 80. Finally, the damp-
ing functions of the models LB and CH are much lower
than the theoretical f, and reach the value of unity
far too slowly.

Defect Layer

The defect layer is the outer part of a boundary
layer. It is the region above the viscous buffer layer
where Reynolds number similarity of the velocity de-
fect holds. Fig. 12 shows the ratio v} /Re, in zero
pressure gradient boundary layers at Re, = 1000
through 50000. We see that vjZ/Re, for all the dif-
ferent Re, cases are identical.
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Figure 12. Variation of vf /Re, with 7 in bound-
ary layers at zero pressure gradient for Re, = 1000
through 50000.

1500

12.0

Figure 13. Variation of 1/; with n in boundary lay-
ers at zero, favorable and adverse pressure gradients
{ Re; = 5000).

Fig. 13 shows the variation of v} with 7 in equi-
librium boundary layers ({ = 0) at Re, = 5000 under
different pressure gradients. The curves are identified
by the corresponding values of . We see that u}' is
larger in the adverse pressure gradient cases (§ > 0) as
compared to the zero-pressure gradient flow (8 = 0).
Also, the rate of increase in v with S is higher for
small values of 8 (~ 1) than at higher values of
(~ 10). For favorable pressure gradient flows, l/,}' is

lower than the zero pressure gradient value.

Wilcox! presents perturbation analysis to solve the
k — € and k — w turbulence model equations in the de-
fect layer of boundary layers under equilibrium pres-



sure gradient conditions. We use this analysis to com-
pare the turbulence models to the v7: data presented
above. A brief description of the analysis follows. The
streamwise and wall-normal coordinates are scaled as

where L is a characteristic streamwise length scale and
A = U.6*/u,. The streamwise velocity, the eddy vis-
cosity, and k, € and w are transformed as,

u(z,y) = Ue —u,U(¥),
UT(-'E: y) = Ueé*N('(/)) )

2
Ko,9) = ZEKW),
e(z,9) = Y2 B (),

Ur

wl@9) = W),

where * is a model constant. The mean momen-
tum equation and the turbulence model equations are
solved to obtain U, N, K, E and W as functions of
the normalized distance from the wall, 1. Note that

_ vi(m)
N(n) = Res. (28)
where 1 = 9 /1edge. The solutions for different val-
ues of S are computed using the software provided
by Wilcox,! and the V; profiles, thus obtained, are
compared to the corresponding theoretical values.

Figure 14(a) shows the variation of v} (n)/Res- for
different values of 8 (2, 4, 6, 8, 10 and 12), as ob-
tained from Eq. (18). The curves correspond to bound-
ary layers at Re, = 5000. We see that the value of

1/;: [Res« is lower for stronger adverse pressure gradi--

ent (higher 8). The values of N obtained by solving
the k£ — € and k — w model equations for different val-
ues of B are shown in the figure by solid and open
symbols, respectively. We note that there is very little
variation in N for different 8. Thus, the models do
not predict the variation in v}/ Res+ as obtained from
theory. Furthermore, the prediction of the k — e model
is higher than the theoretical curves, whereas the val-
ues of N as predicted by the k — w model lie close to
the theoretical curve for § = 8. On the whole, the
k — e prediction is close to the theoretical v7 /Res-
for mild adverse pressure gradient (8 ~ 2), and the
k — w model works better for stronger adverse pres-
sure gradient flows (8 ~ 10).
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Figure 14. Comparison of v}:/Res as predicted by
k — eand k — w turbulence models to the theoretical
curves obtained from Eq. (18) in boundary layers un-
der pressure gradients — (a) adverse and (b) favorable.
The solid symbols represent the k¥ — ¢ model and the
open symbols correspond to the k¥ — w model. The
results obtained from Eq. (18) are shown by lines.

Figure 14(b) shows the variation of v (n)/Res
for different favorable pressure gradient cases (Re, =
5000). We see that v} /Res- from Eq. (18) in the fa-
vorable pressure gradient cases is slightly higher than
the zero pressure gradient curve for n < 0.15 which
corresponds to the log-layer. However, the trend is
reversed for n > 0.15, where v} /Res. for f < 0 is
smaller than that for § = 0, and u} /Res« at a given
n decreases as the magnitude of B increases. N ob-
tained from the turbulence models for § = —0.2 and
—0.3 are also shown in the figure. We see that the
values of N obtained from the two models are very
similar in the range 0 < 5 < 0.25, and are reasonably

11
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close to the theoretical curves. However, for larger val-
ues of n, N from the & — € model is lower, and there-
fore closer to the theoretical curves, than that from
the k — w model. In addition, the k — w results (open
symbols) are less sensitive to the change in 8 than the
k — e model (solid symbols), which reproduces the the-
oretical trend of VTT with pressure gradient correctly.

5. Conclusions

In this paper, we evaluate. the k¥ — eand k — w
turbulence models in terms of their accuracy in pre-
dicting the Reynolds shear stress in boundary layers
under arbitrary pressure gradients. The model predic-
tions are tested against the Reynolds stress and eddy
viscosity computed using the analysis of Perry et al.1°
for two-dimensional boundary layers, which is based
on the assumption that the mean streamwise velocity
follows the logarithmic law of the wall and law of the
wake. Using this formulation, we first study the effect
of Reynolds number, Re, on the distribution of the
eddy viscosity in zero-pressure gradient boundary lay-
ers, and then evaluate the modeling of this Re effect.
Secondly, we look at the effect of pressure gradient
on the eddy viscosity and assess the accuracy of the
models in different pressure gradient flows.

The eddy viscosity normalized by the kinematic vis-
cosity, l/i-'- , in the viscous sub-layer and the buffer
layer is found to be independent of the Reynolds num-
ber for zero-pressure gradient flows. A damping func-
tion, f,, , is derived for the k — e model from the the-
oretical value of v} , and the Re dependence of the
asymptotic value of f, in the log-layer (for large y*)
is studied. Several low Re variations of the k—e model
are evaluated against f,, obtained from theory. In the
defect layer, log-layer and beyond, the ratio of V; to
Re, is found to be self-similar, consistent with the the-
oretical formulation. The k — € and k — w models pre-
dict a linear behavior of v in the log-layer, which is
close to the theoretical value in the low y* part of the
log-layer, but has a substantial discrepancy near the
outer edge of the log-layer. There is a strong influence
of pressure gradient on v distribution in the defect
layer. Comparison of the models with the theory shows
that the k — e model is close to the theoretical value
in favorable and mild adverse pressure gradient flows,
whereas the k —w model works well for strong-adverse
pressure gradient cases. Both models, however, fail to
reproduce the variation in the v distribution with
varying pressure gradient that is predicted by the the-
ory. Thus, the k — e and k — w models could be tested
for a wide range of equilibrium turbulent boundary

layers, using the theoretical formulation of Perry et
al. (1994). Further investigation in this direction will
be continued, including the extension of the proce-
dure to non-equilibrium turbulent flows using compu-
tational fluid dynamics.
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