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In various manufacturing and computing contexts there may be a certain period in each time interval, during which
processing may continue but may not be initiated. We examine the problem of on-line scheduling in the presence of such
forbidden zones, whose complements are starting time windows. We show that no on-line algorithm is better than 9

7
-

competitive, when minimizing the number of intervals used (essentially the makespan), whereas list scheduling is shown
to be 2-competitive. We also investigate adaptations of the first fit, next fit and harmonic bin packing algorithms and
test all four empirically.
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Introduction

On-line approaches have become increasingly important in

the field of scheduling. We frequently encounter problems

where only partial information is provided but fast and

effective solutions are required. Such problems are particu-

larly common in computing and manufacturing environ-

ments. In computer science, there are many instances when

tasks are to be scheduled on servers yet complete informa-

tion such as their arrival times, lengths or due-dates are not

available in advance. In manufacturing systems, there are

also instances when accurate information about processes is

not available or optimization methods are so complex as to

make it undesirable for decision makers to implement them.

Furthermore, in some situations it may be necessary to

instantly inform customers placing orders of the completion

time of their jobs without having any information about

future incoming orders. In such cases, it may be preferable to

have some simple rules to assist a decision maker, for

example a shopfloor manager, to decide and prioritize a set

of tasks virtually instantly. Dispatch rules are frequently

mentioned in operations management literature, these

provide fast, simple and effective solution methods for

many problems. The problem outlined below is one example

of a situation where on-line methods are highly useful.

The motivation for considering scheduling with starting

time windows, whose complements are forbidden zones,

arose from work by Abdekhodaee on a supply chain

problem. In that problem a certain activity (ship berthing)

was not allowed to commence inside particular time

intervals.

More generally, in some scheduling problems processing

may continue but may not be initiated during certain

intervals. For example, this will occur if a particular service,

such as an operator’s attendance is required at the initiation

and the completion of certain tasks but not throughout the

whole process. The objective is to carry out all tasks in

minimum time, given that the operator’s attendance is

limited to certain time periods.

We begin by recalling some definitions and results from an

earlier complementary paper (Abdekhodaee and Ernst,

2004a), which studied the off-line version of this problem.

Denote the n jobs to be scheduled by J1y Jn. Let pi be the

processing time of Ji. Furthermore, we shall assume from

now on that pip18i. We partition time into a set of abutting

intervals I¼ {I1, I2,y, Is} with I1¼ [0, 2], I2¼ [2, 4].

Is¼ [2s�2, 2s]. Each Ij includes a corresponding forbidden

zone FjCIj 8j, where F1¼ (1, 2],F2¼ (3, 4]yFs¼ (2s�1, 2s].
We call the intervals Ij\Fj the allowed zones. Below, when we

refer to intervals we shall mean the sets Ij.

Forbidden zones represent time intervals during which a

job cannot be started, but can be processed (Figure 1).

Furthermore, if a job is completed before the end of a

forbidden zone, it will be released at the start of the next

interval. Thus, the latest time a job may commence in Ij is at

t¼ 2j�1.
The objective is to sequence the jobs so that the number of

intervals used is minimized. (If the last forbidden zone

contains a job, then this is equivalent to minimizing the

maximum completion time or makespan.)

Abdekhodaee and Ernst (2004a) showed, for example,

that the decision version of the (off-line) problem when all

intervals are of equal length (|Ii|¼ I,8i) and all forbidden

zones are equal (|Fi|¼F,8i), is NP-complete in the weak
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sense. Abdekhodaee and Ernst’s (2004b) empirical results

suggest that list scheduling and other simple heuristics

perform best when F/I is close to 0 or 1, and that the most

difficult cases occurred when F/I is close to 0.5.

There is a close link between our problem and that

of bin packing. This becomes particularly evident once we

consider integer programming formulations of the two

problems.

We first recall the bin packing problem. Suppose we have

n items with sizes p1,y, pn. We assume that pip1 8i Let
xij¼ 1 if item i is allocated to bin j and xij¼ 0 otherwise. Also

let zj¼ 1 if bin j is used and zj¼ 0 otherwise. Then our

problem is

min
Xn

j¼1
zj ð1Þ

subject to

Xn

j¼1
xij ¼ 1; 8i ð2Þ

xijpzj; 8i; j ð3Þ

Xn

i¼1
pixijp1; 8j ð4Þ

xij; zj 2 f0; 1g ð5Þ

The objective function (1) that we wish to minimize

is the number of bins used. Constraint (2) ensures that each

item is allocated to a bin. Constraint (3) indicates that an

item can be assigned to a bin only if that bin is used.

Constraint (4) specifies the size constraint, namely that the

sum of the sizes of items allocated to a unit-sized bin cannot

exceed one.

We now modify the above model to handle the forbidden

zones problem. Let xij¼ 1 if job i starts and ends in Ij\Fj and

xij¼ 0 otherwise. Also let zj¼ 1 if Ij is used and zj¼ 0

otherwise. We introduce new variables to handle jobs

finishing in (the closure of) forbidden zones. Let yij¼ 1 if

job i starts in Ij and ends in �Fj and yij¼ 0 otherwise. Then the

forbidden zones problem can be formulated as follows:

min
Xn

j¼1
zj ð6Þ

subject to

Xn

j¼1
ðxij þ yijÞ ¼ 1; 8i ð7Þ

xij þ yijpzj; 8i; j ð8Þ

Xn

i¼1
pixijp1; 8j ð9Þ

Xn

i¼1
yijp1; 8j ð10Þ

xij; yij ; zj 2 f0; 1g ð11Þ

Constraint (10) ensures that at most one job can be

processed in a forbidden zone. We now recall some

definitions related to on-line scheduling. We shall consider

the one-by-one (Sgall, 1998) or on-line list (Pruhs et al, 2004)

version of on-line job scheduling. That is, we assume that all

jobs are available at time 0 but they are presented to the

scheduler one-by-one, in a list. The scheduler obtains

information about the next job on the list and has to

irrevocably schedule the job, that is assign the job to a time

slot, based on this information, prior to being shown the

next job on the list.

We also recall the definition of a c-competitive on-line

algorithm. An on-line minimization algorithm A is said to be

c-competitive if A(I)/OPT(I)pc for all job instances I, where

A(I) and OPT(I) are the objective function values for

algorithm A and the optimal solution, respectively.

The corresponding asymptotic performance ratio RA
N(a) is

defined as follows. Suppose that pmax¼ a, 0oap1 then

RA
N(a)¼ inf{rX1: for some N40, A(I)/OPT(I)pr, for all I

with OPT(I)4N}.

We shall, in particular, consider the case when a¼ 1/m for

some positive integer m.

A competitive ratio lower bound

There are many results about lower bounds and the

performance of various on-line algorithms for bin packing

(eg Coffman et al, 1997). In general terms, even small

improvements in these results are often achieved at the cost

of substantial increases in the complexity of the proofs. The

current best lower bound on the competitive ratio is 1.54014

(van Vliet, 1992). The competitive ratios for the first fit and

next fit bin packing algorithms are 1.7 (Garey et al, 1972)

and 2 (Johnson, 1974), respectively. We shall present one

lower bound result for the forbidden zones problem after

proving the following proposition that points towards the

relation between the bin packing and forbidden zones

problems.

jI j I j+1 FF j+1

Figure 1 Intervals and forbidden zones.
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Rearrange the jobs in non-increasing order of their

processing times and denote this new list by J1
0
y Jn

0 . Let

pi
0 be the processing time of Ji

0. Thus p1
0
Xp2

0
XyXpn

0 . We

have the following relationship between the optimal solu-

tions of the bin packing and the forbidden zones problems.

Proposition 1 Suppose the optimal solution to the bin

packing problem for the n�i smallest jobs is i bins. Then an

optimal schedule for the forbidden zones problem is i intervals.

Proof Firstly we show that i intervals suffice for the

forbidden zones problem. Apply the optimal bin packing

solution to placing jobs Jiþ 1
0

y Jn
0 in i allowed zones. Now

add the remaining i longest jobs J1
0
y Ji

0 to the i forbidden

zones. On the other hand, if the optimal solution to the

forbidden zones problem requires fewer than i intervals

then by swapping any jobs that finish in the forbidden

zones with shorter ones wholly in the allowed zones we

obtain a solution to the bin packing problem for the

n�i shortest jobs requiring fewer than i intervals, a

contradiction. &

Some lower bound proofs for on-line bin packing rely on

using jobs with excruciatingly small processing times. Our

next proposition uses an argument adapted from a proof of

the result, that no on-line algorithm for bin packing is better

than 4
3
-competitive (Liang, 1980). It does not require jobs of

duration less than 1
3
.

Proposition 2 No on-line algorithm for the forbidden zones

problem is better than 9
7
-competitive.

Proof Assume our algorithm A is c-competitive. Consider

a sequence of n jobs each of length 1
2
� e. Provided that eo1

6
,

and that n is divisible by 3, A requires at most apcn/3

intervals, since the optimal solution requires n/3 intervals.

Suppose we are then presented with 2n jobs of length 1
2
þ e.

Suppose that A uses an additional b intervals for these jobs.

Each of these b intervals can accommodate at most two of

these new jobs, whereas each of the first a intervals could

accommodate up to three of the original n jobs. Thus,

3aþ 2bX3n. Also aþ bpcn since the optimal solution

requires n intervals. Hence (3�2c)npapcn/3. So cX9
7. &

There is a strong connection between bin packing and

forbidden zones algorithms. Suppose B is a bin packing

algorithm that never allows, during its execution, a gap of

size larger than 1/m in a bin, other than possibly the last

open bin. We can generate a forbidden zones version B0 of B

in the following way. If pio1/m ignore the forbidden zones

and place the job in the appropriate allowed zone according

to B. Otherwise, if piX1/m place the job in the first available

allowed zone. If this is not possible place it in the first

available forbidden zone. If that is not possible, generate a

new interval and place the job in the allowed zone of the new

interval.

Lemma 3 If a bin packing algorithm B never allows a gap of

1/m in a bin then RB
N(1/m)þ (1/m)pRB0

N(1/m)p(mþ 1)/

(m�1).

Proof Consider the worst case instance for B. No jobs can

be larger than 1/m. Replace any job of size 1/m, with a job of

size (1/m)�e. Thus B0 would not place any jobs in the

forbidden zones.

Suppose for this instance, an optimal solution for the bin

packing problem uses n* bins and so B uses nX(RB
N�e)n*

bins. We add to this instance n* jobs of size (1/m)�e. Since
B0 cannot schedule these jobs in the forbidden zones, they

must be placed in the allowed zones resulting in an increase

of (n*/m) intervals. However, based on the optimal solution

for the bin packing problem these jobs can be put into the

empty forbidden zones of the n* intervals. That is, there is no

increase in the number of intervals. Thus we have

B0ðIÞ ¼n þ 1

m
n�

OPTðIÞpn�

Therefore,

B0ðIÞ
OPTðIÞX

n þ ð1=mÞn�
n�

X
ðR1

B ð1=mÞ þ ð1=mÞÞn� � en�

n�

XR1
B

1

m

� �
þ 1

m
� e

On the other hand, at worst, B0 will leave all forbidden

zones empty. The gap in any allowed zone, except possibly

the last one, must be less than 1/m. So all allowed

zones, except possibly the last, in the B0 solution are at

least 1�(1/m) full. On the other hand, in the optimal solution
each forbidden zone is at most 1/m full. The result

now follows. &

Bounds for four on-line algorithms

In this section, we propose four on-line algorithms, including

adaptations of three well-known bin packing algorithms,

namely first fit, next fit and harmonic.

List scheduling (LS)

List scheduling (LS) sequences the next job on the list in the

first feasible position. Thus, provided the previous job has

completed by the end of the current allowed zone, we

schedule the next job immediately after it. Otherwise, we

start the next job at the beginning of the next available zone.

(If the previous job finishes at the end point of an allowed

zone we start the next job at the beginning of the abutting

forbidden zone.)

82 Journal of the Operational Research Society Vol. 58, No. 1



Proposition 4 RLS
N(1/m)¼ 1þ (1/m)

Proof Consider the concatenation of n sequences, each of

mþ 1 jobs consisting of m jobs each of length (1/m) followed

by a job of length e. LS requires n intervals, whereas the

optimal solution requires only nm/(mþ 1)þ 1 intervals, for

sufficiently small e.
On the other hand, for LS, each allowed zone except

possibly the last one, is full. So, LS is at worst (1þ (1/m))-

competitive. &

Half Next Fit algorithm (HNF)

This algorithm which is adapted from the next fit (NF)

algorithm for the bin packing problem operates as

follows.

HNF always considers only one active allowed zone.

Whenever a job arrives, if its size is smaller than the gap in

the active allowed zone, the job is placed into that zone.

Otherwise, if the size of the job is greater than or equal to 1
2

we place the job into the first available forbidden zone. If

there is no available forbidden zone, close the current

interval, open a new one and place the job in the allowed

zone of that interval. If the size of the job is less than 1
2
we

close the current active allowed zone and open a new one

and place the job in that zone.

Based on Lemma 3, we know that the competitive ratio is

at least 2.5 since R1
NF ð12Þ ¼ 2 (Coffman et al, 1997). However,

the following proposition shows that, in fact, the asymptotic

performance ratio of HNF is 3.

Proposition 5 RNF
N ¼ 3.

Proof We first show that RHNF
N

X3. Suppose a job of size
1
2
� e followed by a job of size 3e arrives. Repeat this

sequence n times. Note that since all jobs in this instance are

smaller than 1
2
, HNF cannot place a job in a forbidden zone.

HNF would put a job of size 1
2
� e and a job of size 3e in an

allowed zone. The gap in the allowed zone is smaller than
1
2
� e. Therefore the current active allowed zone is then

closed and the next job is placed in the new active allowed

zone. HNF would need n allowed zones for this instance.

Whereas in an optimal solution, 3 jobs of size 1
2
� e can be

scheduled in an interval (that is, an allowed zone and a

forbidden zone). For n jobs of size 1
2
� e, n

3
intervals are

needed. Also for n jobs of size 3e, and sufficiently small e the
optimal solution would place them in one allowed zone.

Therefore we have

HNFðIÞ ¼n

OPTðIÞp n

3
þ 1

HNFðIÞ
OPTðIÞX

n

ðn=3Þ þ 1
! 3 if n ! 1

Now we show that RHNF
N p3. Let s(ai) be the sum of the

processing times of the jobs in the ith allowed zone and

s(fi) be the processing time of the job in the ith forbidden

zone. It follows from the definition of HNF that

sðajÞ40 ) sðaiÞ þ sðfiÞX1
2
8ioj. So, if HNF(I)¼ n then

we have at least n�1 groups of jobs each of size at least 1
2.

Clearly, OPT(I)X(n�1)/3. &

Proposition 6 (m2þm�1)/(m(m�1))pRHNF
N (1/m)p(m2þm)/

(m(m�1)) and RHNF
N (1/m)B(mþ 1)/(m�1) as m-N.

Proof The proof follows from Lemma 3 and the fact that

RNF
N (1/m)¼m/(m�1) (Coffman et al, 1997). &

Proposition 7 R1
HNFð12Þ ¼ 3.

Proof By Proposition 6 we have R1
HNF ð12Þpð22 þ 2Þ=

ð2ð2� 1ÞÞ ¼ 3. In the proof of Proposition 5 no job is

longer than 1
2
, so R1

HNFð12ÞX3. &

Suppose now that we modify HNF so that our new

algorithm, bNF, say, always considers only one active

allowed zone, and whenever a job arrives, and if its size is

smaller than the gap in the active allowed zone, the job is

placed into that zone, as for HNF. Otherwise, if the size of

the job is greater than or equal to b (where bo1) we place

the job into the first available forbidden zone. If there is no

available forbidden zone, close the current interval, open a

new one and place the job in the allowed zone of that

interval. If the size of the job is less than b we close the

current active allowed zone and open a new one and place

the job in that zone.

Proposition 8 2 þ bb þ 1
2cpR1

bNFp4.

Proof We first show that 2 þ bb þ 1
2
cpR1

bNF . Assume first

that b41
2
. Consider a sequence of 5n jobs consisting of n

quintuplets of the following size jobs: b�e followed by 4e,
1�b�e, 4e and b�e. Note that since all jobs in this instance

are smaller than b, bNF cannot place a job in a forbidden

zone. Clearly bNF(I)¼ 3n and OPT(I)¼ nþ 1. Now suppose

that bo1
2. Consider a sequence of 3n jobs consisting of n

triplets of jobs of size b�e, 1�2b�e and 4e. Clearly,

bNF(I)¼ n, since no forbidden zones are used. Now

OPT(I)¼ (n/2)þ 1, so 2 þ bb þ ð1
2
ÞcpR1

bNF .

Now we show that RbNF
N p4. Suppose that bNF(I)¼ n,

then s(an)40 and hence s(ai)þ s(aiþ 1)41 for i¼ 1y n�1.
So

P
i¼ 1
n s(ai)4(n�1)/2 and OPT(I)X(n�1)/4 proving the

result. &

Half First Fit algorithm (HFF)

This heuristic, half first fit algorithm (HFF), makes use of

the first fit (FF) algorithm for the bin packing problem. Its

procedure is as follows.
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Whenever a job arrives, if the size of the job is smaller

than or equal to a gap in one of the existing allowed zones

then we schedule the job into the first such gap. Otherwise, if

the size of the job is greater than or equal to 1
2
we place the

job into the first available forbidden zone. If there is no

available forbidden zone we open a new interval and place

the job in the allowed zone of that interval. If the size of the

job is less than 1
2
we open a new allowed zone and place the

job in the new zone. The motivation for this is to try to place

the longest jobs in the forbidden zones.

Proposition 9 5
2
pR1

HFFp
27
10
.

Proof Firstly we show that 5
2
pR1

HFF . By a result of

Johnson et al (1974), R1
FFð:4Þ ¼ 3

2
. It follows that, for any

d40, there is an instance I for the bin packing problem, with

all items of size o1
2
, such that FFðIÞ=OPTðIÞX3

2
� d.

Suppose that OPT(I) uses n bins, thus FF(I) would require

at least ð3
2
� dÞn bins. If we regard these bins as allowed

zones in the forbidden zones problem, the result still holds

since all forbidden zones are empty. Now we create a new

instance, I0 as follows. A job of size e is presented followed

by a job of size 1�e. This arrangement is repeated n times

resulting in 2n jobs to be scheduled. Then a set of jobs in I is

presented. HFF would require n intervals for the first 2n jobs

and ð3
2
� dÞn intervals for the jobs from I. On the other hand,

the optimal solution would utilize only nþ 1 intervals since

the n jobs of size 1�e can be put into forbidden zones and

one interval for jobs of size e suffices. Thus 5
2pR1

HFF .

We now show that RHFF
N p2.7 by slightly adapting the

proof by Johnson et al (1974) showing RFF
N¼ 1.7. Consider

the following weighting function:

wðxÞ ¼

6
5
x if 0pxp1

6

9
5
x� 1

10
if 1

6
pxp1

3

6
5
x þ 1

10
if 1

3
pxp1

2

1 if x41
2

8>>>>><
>>>>>:

Let L¼ (a1,y, an) be an input instance and

W(L)¼
P

i¼ 1
n w(ai) be its corresponding weighting function.

Also define W(I)¼
P

j¼ 1
t w(aij), where aij, j¼ 1,y, t are jobs

scheduled to an interval I. We make use of the following two

results by Johnson et al (1974), for the bin packing problem:

1. For any bin B, WðBÞp17
10

and therefore WðLÞp
17
10
OPTðLÞ.

2. If FF uses k bins B1yBk then
P

j¼ 1
k W(Bj)Xk�2, and

thus FF(L)pW(L)þ 2.

We now apply the above two results to the forbidden

zones problem. For any interval I, consider the jobs entirely

within the allowed zone. If we regard the allowed zone as a

bin B we have WðBÞp17
10
. Any job in the forbidden zone has

a weight no greater than 1. Thus, for any interval I, we have

WðIÞp27
10
. So, WðLÞp27

10
OPTðLÞ.

Now consider a schedule S obtained by employing HFF.

We create a new schedule S0 by removing all jobs that are

scheduled to forbidden zones in S. Note that if we con-

sider only allowed zones, S0 which uses s, say, allowed

zones (hence intervals) can be regarded a set of s bins,

B, packed by FF. Since W(B)Xs�2 thus W(S0)Xs�2.
So, HFFðSÞ ¼ spWðS 0Þ þ 2pWðSÞ þ 2p27

10
OPTðSÞ þ 2,

proving the result. &

Half Harmonic M algorithm (HHM)

Lee and Lee (1985) proposed Harmonic M, an improvement

on FF, which keeps M bins open at any one time. They used

the following sequence, k1¼ 1 and kiþ 1¼ ki(kiþ 1) for iX1,

proposed earlier by Liang (1980). They showed that R1
HM

is

monotonically decreasing with M and that limM!1 R1
HM

¼P1
i¼1

1
ki
¼ 1:6910 . . .

The algorithm divides the unit interval (0, 1] into M

subintervals Ij¼ (1/(jþ 1), (1/j)] (1pjoM) and IM¼ (0, (1/

M)]. The corresponding version for the forbidden zones

problem, HHM, always considers M allowed zones at a time.

A job is called an Ij-job if its size belongs to interval Ij. An

allowed zone is called an Ij allowed zone if it is designated to

process only Ij jobs. At any one time, there are M allowed

zones available, one for each Ij (1pjpM). Whenever a job

arrives, if it is an Ij-job and its size is smaller than the gap in

the active Ij allowed zone, the job is placed in that zone.

Otherwise, if the size of the job is greater than 1
2
we place the

job in the first available forbidden zone. If there is no

available forbidden zone we open a new interval make its

allowed zone of type I1 and place the job in the allowed zone

of that interval. If the size of the job is less than or equal to 1
2

we open a new Ij allowed zone, for the appropriate 2pjpM

and place the job in the new allowed zone.

Below, we prove, by a series of lemmas, using argu-

ments similar to those by Lee and Lee (1985), that

limM!1 R1
HHM

¼ 1:9231177 . . .

To facilitate our analysis, we shall refer to a job with size

larger (not larger) than 1
2
as a large (small) job.

Lemma 10 Consider any instance J of jobs presented in a

particular order. Let J0 be the same set of jobs in the same

order save that the large jobs are now presented first. Then

HHM(J
0)XHHM(J).

Proof The I2,y, IM allowed zones for both J and J0 are

identical. The number of I1 intervals for J is less than or

equal to that of J0 since in J some forbidden zones in I2y IM
may be non-empty, whereas for J0 all I2,y ,IM forbidden

zones are empty. &

Lemma 11 For each forbidden zones problem, with an

optimal solution consisting of n intervals, there exists an

optimal solution containing the n largest jobs in the forbidden

zones.
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Proof Consider an optimal solution and swap the n jobs in

the forbidden zones (considering an empty forbidden zone as

a job of size 0) with the n largest jobs. The new solution is at

least as good as the optimal one. &

Based on Lemma 10 which states that the worst case

behaviour of HHM occurs when all the large jobs are

presented prior to the arrival of small jobs, we adapt the

result of Lee and Lee (1985) slightly and follow their

notation. Let nk be the number of Ik jobs in an input instance

L and SM be the total size of IM jobs. Also, let mk denote the

number of Ik zones used (which means both allowed and

forbidden zones for k¼ 1 and allowed zones for 1okpM).

Thus, we have

m1 ¼
n1

2

l m

and for 2pkoM

mk ¼ nk

k

l m

and it is easy to see that

mMo
MsM

ðM � 1Þ

� �
þ 1

since an IM allowed zone (except possibly the last one) can,

at worst, have a gap of size (1/M)�e.
It is clear that we can obtain a bound on the number of

intervals used by HHM. Thus we have

HHMðLÞp n1

2

l m
þ n2

2

l m
þ � � � þ nM � 1

M � 1

� �
þ mM

p
n1

2
þ n2

2
þ � � � þ nM � 1

M � 1
þ MsM

M � 1
þ M þ 1

Since we consider the asymptotic performance of the

algorithm, the last term, Mþ 1, can be ignored. As for

HarmonicM for bin packing, each Ik-job contributes to 1/k

interval for 1okoM, since in an Ik-interval, there can be at

most k Ik-jobs scheduled in its allowed zone and its

associated forbidden zone is left empty. This is because, as

proposed in Lemma 10, we only consider the case where

large jobs (if there is any) are presented before all the small

jobs resulting in no large jobs scheduled in the forbidden

zones of the Ik-intervals (for k41). This is also true for IM,

that is the IM-jobs contribute at most to MsM/(M�1)
intervals. However, our I1-jobs are slightly different from

that of HarmonicM for bin packing. Since all the large jobs

arrive first, they can be placed in the allowed and forbidden

zones of their I1-intervals. Hence an I1-job contributes to
1
2
of

such intervals. Based on these differences, we modify slightly

the fraction function g for harmonicM algorithm, defined

earlier by Lee and Lee (1985). Thus

gðxÞ ¼

1

2
if x 2 I1

1

k
if x 2 Ik and 1okoM

Mx

M � 1
if x 2 IM

8>>>>><
>>>>>:

Let L¼ (a1, a2,y, an) be a sequence of jobs that needs to

be scheduled. Suppose that an optimal solution for the

forbidden zone problem uses L* intervals. Let the list

of jobs in the ith interval be ðyi1; yi2; . . . ; yiti Þ with

yi1Xyi2X . . .Xyiti40. Since, in the optimal solution, the

sum of the job sizes in an interval (except for possibly the last

one) must be larger than 1 and less than or equal to 2 and

only one job is allowed to be processed (not initiated) in a

forbidden zone, we have 1o
Pti

j¼1 yijp2 and
Pti

j¼2 yijp1.

Also let Gi,M denote
Pti

j¼1 gðyijÞ.
Let S¼ {(y1, y2,y, yt)| yi40, 1pipt, 1o

P
j¼ 1
t yjp2 andP

j¼ 2
t yjp1} and let �GM¼ supS

P
i¼ 1
t g(yi), where the supre-

mum is taken over all sets {yi} satisfying the above

conditions. We have

HHMðLÞo
Xn

i¼1
gðaiÞ þ M þ 1

¼
XL�

i¼1
Gi;M þ M þ 1

pð �GMÞL� þ M þ 1

Since we seek the competitiveness of HHM, it is apparent

that

R1
HHM

p �GM

Thus we now investigate an upper bound for �GM.

As in Lee and Lee (1985) for bin packing, we can

also state a relationship between the size of a job and its

fraction function. That is, we establish a connection between

a job processing time and the number of intervals used. For

xAIk where 1okoM, g(x)¼ 1/k and 1/(kþ 1)oxp1/k.

Thus g(x)/xo(kþ 1)/k. That is,

gðxÞ
x

o
k þ 1

k
; if xp

1

k
for 1okoM

and obviously we have,

gðxÞox; if xp1
and

gðxÞ
x

¼ M

ðM � 1Þ ; if x 2 IM
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We define two sequences. Our first sequence, L, thus is

l1 ¼ 1

l2 ¼ 2

l3 ¼ 2

l4 ¼ 3

ljþ 1 ¼ ljðlj þ 1Þ; for j43

For the other one, we make use of the well-known bin

packing sequence mentioned earlier. Namely

k1 ¼ 1

kjþ 1 ¼ kjðkj þ 1Þ for j41

Note that these two sequences satisfy the following

inequalities

XS
i¼2

1

li þ 1
þ e

� �
o1

since, for small enough S and e40

XS
i¼2

1

ðli þ 1Þ þ e
� �

¼ 1

3
þ e

� �
þ 1

3
þ e

� �

þ
XS
i¼4

1

li þ 1
þ e

� �

¼ 2

3
þ 2e

� �
þ
XS
i¼4

1

li
� 1

li þ 1
þ e

� �

¼ 2

3
þ 2e

� �
þ 1

3
¼ 1

lSþ 1
þ ðS � 3Þe

o1

for any S and small enough e40 and, for the latter sequence.

XS
i¼1

1

ki þ 1
þ e

� �
o1

for any S and small enough e40. The proof of this result is

similar to that of the first sequence.

XS
i¼1

1

ki þ 1
þ e

� �
¼
XS
i¼1

1

ki
� 1

kiþ 1
þ e

� �

¼1� 1

kSþ 1
þ Se

o1

Since our objective is to minimize the number of intervals

used and only jobs of type I1 can be processed in for-

bidden zones, we need to consider two cases: (i) when there

are no large jobs in the input instance, (ii) otherwise. Note

that here i42, j42, ljoMpljþ 1 and kioMpkiþ 1.

Case 1: m1¼ 0. We start by considering the first case, that is,

where n1¼m1¼ 0. Here we have y1eI1. Thus, yip1
28i ¼

1 . . . t. Then we have gðyiÞo3
2
yi. Therefore, GMp

Pt
i¼1 g�

ðyiÞo3
2

Pt
i¼1 yip3

2
� 3
2
as
Pt

i¼1 yip3
2
(the largest job that can

be scheduled to a forbidden zone is of size at most 1
2
). Thus,

in the case where there is no large job in the input instance,

we have

GMo
9

4
¼ 2:25

However, the above bound can be improved since

gðyiÞo3
2
yi can be tightened. That is, if yip1

3
then gðyiÞo4

3
yi

and so on. Since
P

i¼ 2
t yip1, there can be at most two jobs of

type I2 and we wish to obtain as large g(yi) as possible for a

particular yi. So we may assume that y2, y3AI2. Thus we

have
Pt

i¼4 yip1
3
� 2eo1

3
for some e40. For g(y4) to be as

large as possible, we assume y4AI3. This makesPt
i¼5 yip 1

12
� 3eo 1

12
. That is, gðyiÞo13

12
yi for iX5. If we

continue this process, eventually we would have two

mutually exclusive cases.

Subcase 1.1: Suppose that y1 2 I2; y2 2 Il2 ; y3 2 Il3 ; y4 2
Il4 ; . . . ; yu�1 2 Ilu�1 and yueIu, where uoj. Since

P
p¼ 2
t ypp1,P

p¼ 2
u�1 yp4

P
p¼ 2
u�1 1/(lpþ 1) and

P
2
p¼ s1/lpþ 1¼ 1�(1/(lsþ 1)),

thus we have
P

s¼ u
t yso1�

P
p¼ 2
u�1 1/(lpþ 1)¼ 1/lu. Addition-

ally, as yueIu, so ysp1/(luþ 1) for all sXu. Thus we obtain a

bound on GM for this case as follows:

GM ¼ 1

2
þ
Xu�1
i¼2

1

li
þ
Xt

s¼u

ðlu þ 2Þys

ðlu þ 1Þ

o
1

2
þ
Xu�1
i¼2

1

li
þ ðlu þ 2Þ

ðlu þ 1Þ �
1

lu

¼ 1

2
þ
Xu�1
i¼2

1

li
þ 1

lu
þ 1

lu þ 1

¼ 1

2
þ
Xuþ 1

s¼2

1

ls

p
1

2
þ
Xj

s¼2

1

ls

Subcase 1.2: In this subcase, we have y1 2 I2; y2 2 Il2 ;

y3 2 Il3 ; y4 2 Il4 ; . . . ; yj 2 Ij. That is, a job of type Ilp , where

2 pppj is put in an Ilp allowed zone. Thus all smaller jobs

are placed in an IM allowed zone. Because
P

p¼ 2
t ypp1 andP

p¼ 2
j yp4

P
p¼ 2
j 1/(lpþ 1)¼ 1�(1/(ljþ 1)) thus

P
s¼ jþ 1
t yso

1/(ljþ 1). From the fact that Mpljþ 1, it follows that ysAIM,

8sXjþ 1. Thus we have the following bound:

GM ¼gðy1Þ þ
Xj

p¼2
gðypÞ þ

M
Pt

s¼jþ 1 ys

M � 1

¼ 1

2
þ
Xj

p¼2

1

lp
þ

M
Pt

s¼jþ 1 ys

M � 1

In both subcases, it can be observed that GMo1
2
þPj

p¼2 ð1=lpÞ þ M=ððM � 1Þljþ 1Þ.
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Case 2: m140. This case is slightly more complicated. We

consider three subcases where the last two deploy different

characteristics of the size of yi according to the sequence K.

Subcase 2.1: In this subcase, we have only one large job in

an interval of the optimal solution. Based on lemma 11, this

large job must be put into the forbidden zone. Hence

we consider y1AI1 and y2eI1. Thus, yip1
2
8i ¼ 2 . . . t. So

gðy1Þ ¼ 1
2
and gðyiÞo3

2
yi 8i ¼ 2 . . . t. Therefore, we have

GM ¼
Pt

j¼1 gðyjÞogðy1Þ þ 3
2

Pt
i¼2 yip1

2
þ 3

2
, since gðy1Þ ¼

1
2
and

P
i¼ 2
t yip1. So we have, in this subcase,

GMo
1

2
þ 3

2
¼ 2

However, this bound is not tight. This bound can be

tightened by using a similar argument to that in subcases 1.1

and 1.2 mentioned above. We modify slightly the input

instances in both subcases by replacing y1AI2 with y1AI1
(since there must be one large job in the instance).

Nevertheless, the results of both subcases still hold for this

subcase as well.

Subcase 2.2: Here and in the next subcase, instead of using

the sequence L we make use of the sequence K and consider

the situation for which, in the optimal solution, there are at

least two large jobs. That is, y1AI1 and y2 2 I1; y3 2
Ik2 ; y4 2 Ik3 ; . . . ; yv 2 Ikv�1 and yvþ 1=2Ikv

for all vpi. Then

we have
P

s¼ vþ 1
t yso1�

P
p¼ 2
v 1/(kp�1þ 1)¼ 1�

P
q¼ 1
v�1 1/

(kqþ 1)¼ 1/kv, since
P

p¼ 2
t yppl and

P
p¼ 2
v�1 yp4

P
p¼ 2
v�1 1/

(kp�1þ 1). Also since yvþ 1=2Ikv
, thus ysp1/(kvþ 1) 8sXvþ 1.

Thus we have,

GM ¼gðy1Þ þ
Xt

p¼2
gðypÞ

pgðy1Þ þ gðy2Þ þ
Xv

p¼3

1

kðp�1Þ
þ
Xt

s¼vþ 1

ysðkv þ 2Þ
ðkv þ 1Þ

ogðy1Þ þ gðy2Þ þ
Xv�1
q¼2

1

kq
þ ðkv þ 2Þ

ðkv þ 1Þ �
1

kv

¼ 1

2
þ 1

2
þ
Xv�1
q¼2

1

kq
þ 1

kv
þ 1

kvðkv þ 1Þ

¼1 þ
Xvþ 1

q¼2

1

kq

p1 þ
Xiþ 1

q¼2

1

kq

Subcase 2.3: We examine the case where y1 2 Ik1 and

y2 2 Ik1; y3 2 Ik2 ; y4 2 Ik3 ; . . . ; yiþ 1 2 Iki
. That is, in an

interval of the optimal solution, each job (yp where

2pppiþ 1) is scheduled to an allowed zone. Therefore, all

other smaller jobs (yq, where q4iþ 1) are classified to be of

type IM. That is,
P

p¼ iþ 2
t ypo1/(kiþ 1) since

P
p¼ 2
t ypp1 andP

s¼ 2
iþ 1ys4

P
s¼ 2
iþ 11/(ks�1þ 1)¼

P
q¼ 1
i 1/(kqþ 1). And as

Mpkiþ 1 so ysAIM for s4iþ 1. Consequently, we have

GM ¼ gðy1Þ þ
Xt

p¼2
gðypÞ

¼ gðy1Þ þ gðy2Þ þ
Xiþ 1

p¼3

1

kðp�1Þ
þ

Mð
Pt

s¼iþ 2 ysÞ
M � 1

¼ gðy1Þ þ gðy2Þ þ
Xi

q¼2

1

kq
þ

Mð
Pt

s¼iþ 2 ysÞ
M � 1

Note that the structure of the proofs for subcases 2.2 and

2.3 is similar to those of subcases 1.1 and 1.2 except for the

different sequences used. It is not difficult to see that, for

subcases 2.2 and 2.3, GMo1þ
P

q¼ 2
i (1/kq)þM/(M�1)kiþ 1.

We note that this result is the same as that of the HarmonicM
algorithm for bin packing.

After considering all cases, we can conclude that the

tightest upper bound for �GM is

max
1

2
þ
Xj

p¼2

1

lp
þ M

ðM � 1Þljþ 1
; 1 þ

Xi

q¼2

1

kq
þ M

ðM � 1Þkiþ 1

 !

for a particular M. If MX3, Mpljþ 1 and Mpkiþ 1 so

jXiþ 1, jXiþ 1, jX3 and iX2, we have

1

2
þ
Xj

p¼2

1

lp
þ M

ðM � 1Þljþ 1
X

1

2
þ
Xiþ 1

p¼2

1

lp
þ M

ðM � 1Þliþ 2

¼ 1

2
þ
Xiþ 2

p¼2

1

lp
þ 1

ðM � 1Þliþ 2

¼ 1

2
þ 1

2
þ
Xiþ 2

p¼3

1

lp
þ 1

ðM � 1Þliþ 2

X1 þ
Xiþ 1

q¼2

1

kq
þ 1

ðM � 1Þkiþ 1

¼1 þ
Xi

q¼2

1

kq
þ M

ðM � 1Þkiþ 1

since liþ 1pki, 8iX2. Therefore, if MX3, we have

1

2
þ
Xj

p¼2

1

lp
þ M

ðM � 1Þljþ 1
X1 þ

Xi

q¼2

l

kq
þ M

ðM � 1Þkiþ 1

The upper bounds for �GM for different M are shown

in Table 1. Let U1 ¼ 3
2
þ 1

3
þ 1

12
þ 1

156
þ 1

24492
þ � � � ¼

1:923117753 . . .

Thus we have the following lemma.

Lemma 12 For MX3 and ljoMpljþ 1, R1
HHM

p �GMo1
2
þPj

p¼2 ð1=lpÞ þ MððM � 1Þljþ 1Þ and limM!1 R1
HHM

pU1 ¼
1:923117753 . . .

Now we obtain a lower bound on the competitive ratio

for HHM.
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Lemma 13 limM!1 R1
HHM

XU1 ¼ 1:923117753 . . .

Proof In order to prove the claim, we make use of the

sequence {l}. Suppose that M¼ liþ 1 where i-N and n is a

multiple of li (hence, divisible by 2). Consider the following

input instance, in jobs which consist of n jobs of size a where

aAI1 and n jobs of size 1/(ljþ 1)þ e for each j, where 2pjpi.

Note that the jobs are presented to the scheduler in non-

increasing order, that is, n jobs of size a are presented first

followed by n jobs of size 1/(l2þ 1)þ e and so on. For this

instance, HHM would use Jn/ljn allowed zones for n jobs of

size 1/(ljþ 1)þ e where 2pjpi, since, for these jobs, HHM

would leave all their corresponding forbidden zones

empty. Thus HHM would need Jn/ljn intervals for n

jobs of size 1/(ljþ 1)þ e. Additionally, HHM needs n/2

allowed zones and n/2 forbidden zones for n jobs of size a.

Thus we have

HHMðLÞ ¼ n

2
þ
Xi

j¼2

n

lj

� �

¼ n

2
þ
Xi

j¼2

n

lj

since, by our assumption, Jn/ljn¼ n/lj.

Whereas the optimal solution uses only n intervals. Thus

we have

HHMðLÞ
OPTðLÞ ¼ 1

n

n

2
þ n

1

2
þ 1

2
þ 1

3
þ 1

12
þ 1

156
þ � � �

� �� �
¼ 1:9231177

Therefore, R1
HHM

X1:9231177:

Note that, in this proof, the input instance contains n large

jobs. However, the result is still valid when there are no large

jobs in the instance. This can be shown by simply replacing n

jobs of size a with n jobs of size b where bAI2 in the above

instance. &

We have thus proved

Proposition 14 limM!1 R1
HHM

¼ U1 ¼ 1:9231177 . . .

Simulation study

In this section, we present an experimental study of the four

algorithms. Since this problem is NP-hard we did not

attempt to find optimal off-line solutions but rather

measured the performance of each algorithm by calculating

the ratio of the on-line solution/lower bound. This ratio is

recalculated every time a new job is considered. A lower

bound for the optimal makespan is j intervals, where

j¼min{k :
P

i¼ kþ 1
n pi

0pk}. Note that for HHM we investi-

gated the performance where M is set to 4,7 and 10.

We study the performance of the scheduling algorithms on

job sequences which are generated by the following

distributions: bounded normal, bounded exponential, trian-

gular and uniform. We also consider the cases where jobs are

uniformly distributed and arrive in either non-decreasing or

non-increasing order of processing time. The instances

consist of 500 jobs and jobs are bounded between either

[.1, 1] (in 10 steps) or [.01, 1] (in 100 steps). Each simulation

was performed 10 times and the mean performance is

presented here.

The results show that the performance of the algorithms

do not appear to be significantly affected by the particular

probability distribution used. However, it seems to be

influenced by the number of steps. When jobs are bounded

exponentially distributed, that is when there are more small

Table 1 Upper bounds on the competitive ratio HHM for
different values of M

M Upper bound for �GM

3 2.00
4 1.94444y
5 1.93750y
6 1.93333y
7 1.93055y
10 1.92592y
13 1.92361y
157 1.92312y
N 1.9231177
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Figure 2 Graphs of the ratios of LS, HFF, HNF and HHM

when jobs are generated by the bounded exponential dis-
tribution. Bounded exponentially distributed and (a) 10 steps,
(b) 100 steps.
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jobs than large jobs, HFF outperforms HNF and HHM

significantly and LS performs worst. This is because LS puts

small jobs in forbidden zones. Whereas HFF, HNF, HHM

leave forbidden zones for larger jobs. When the number of

steps is ten, HNF is better that HHM. However, when we set

the number of steps to 100, HHM outperforms HNF. The

results of the simulations are shown in Figure 2a and b. Note

that HH4 is used to exhibit the performance of HHM since,

for all distributions studied, HH4 performed better or

similarly to HH7 and HH10.

For the other three distributions, namely bounded

normal, uniform and triangular, HFF still performs better

than HNF and HHM, and LS is the worst. With these

distributions, the numbers of small and large jobs are

similar. HFF, HNF and HHM would put only larger jobs in

forbidden zones, whereas LS may put some smaller jobs in

such zones. HFF outperforms HNF and HHM because it

keeps several active allowed zones for future jobs whereas

HNF has only one active allowed zone at a time and HHM

can only schedule i jobs to an Ii allowed zone (hence, the

smaller i create a larger gap in an allowed zone). With all

three distributions, when the number of steps is set to 100

HNF outperforms HHM. However, in the case of 10 steps,

HHM performs better than HNF when the job sizes are
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Figure 3 Graphs of the ratios of LS, HFF, HNF and HHM

when jobs are generated by the uniform distribution in 100
steps.
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Figure 4 Graphs of the ratios of LS, HFF and HNF when jobs are generated by the uniform distribution and arrive in
non-decreasing or non-increasing order. Non-decreasing order and (a) 10 steps, (b) 100 steps. Non-increasing order and (c) 10 steps,
(d) 100 steps.
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normally and uniformly distributed and both perform

similarly when job sizes are created by a triangular

distribution. Figure 3 depicts the performance of four

algorithms when the job sizes are uniformly distributed with

100 steps.

When jobs sizes are uniformly distributed and jobs

arrive in non-decreasing order, HNF and HFF perform

identically, because the non-decreasing property of the

arriving job sizes means that HFF cannot put an incoming

job in a previous allowed zone. Initially HNF, HFF and

HHM are worse than LS, since smaller jobs fill in the

allowed zones leaving forbidden zones empty. Once jobs

which are not less than 1
2 arrive, the empty forbidden

zones are then filled by these jobs resulting in a better

performance for HNF, HFF and HHM. At this point, HNF,

HFF and HHM are both better than LS. However, once all

the empty forbidden zones are filled, the ratios for HFF,

HNF and HHM begin increasing again but they are still

better than LS.

Some interesting results can also be found when job sizes

are uniformly distributed and sequenced in non-increasing

order. These results are shown in Figure 4c and d. Here, at

the beginning, all four algorithms perform identically. Once

smaller jobs arrive, HFF outperforms LS and HNF, whereas

HHM is the worst. The reason is that HFF has some gaps in

allowed zones for smaller jobs, whereas HNF cannot use

such gaps since it considers only one allowed zone at a time

and HHM leaves too many gaps in allowed zones since the

smaller jobs cannot be scheduled to the allowed zones

reserved for larger jobs.

Conclusions and future work

In this paper, we discussed the one-by-one on-line scheduling

problem for a single machine with forbidden zones. We

provided a lower bound for the competitive ratio for any

on-line algorithm and discussed the relationship between

this problem and bin packing. Four on-line algorithms

were proposed, for which we derived various asymptotic

performance ratio results. An experimental study of

these algorithms revealed that their performance was not

significantly affected by the probability distribution used.

However, their comparative mean performance (as empiri-

cally determined) differed from that established by the

earlier worst-case analysis.

There are various ways to extend the above results. Can

the lower bound result be improved? Is there an algorithm

with a lower asymptotic performance ratio than HHM?

What if Fa1
2
I , or if FiaF and IiaI. How is the problem

affected if we allow pi to exceed 1?
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