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In various manufacturing and computing contexts there may be a certain period in each time interval, during which
processing may continue but may not be initiated. We examine the problem of on-line scheduling in the presence of such
forbidden zones, whose complements are starting time windows. We show that no on-line algorithm is better than 2-
competitive, when minimizing the number of intervals used (essentially the makespan), whereas list scheduling is shown
to be 2-competitive. We also investigate adaptations of the first fit, next fit and harmonic bin packing algorithms and

test all four empirically.
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Introduction

On-line approaches have become increasingly important in
the field of scheduling. We frequently encounter problems
where only partial information is provided but fast and
effective solutions are required. Such problems are particu-
larly common in computing and manufacturing environ-
ments. In computer science, there are many instances when
tasks are to be scheduled on servers yet complete informa-
tion such as their arrival times, lengths or due-dates are not
available in advance. In manufacturing systems, there are
also instances when accurate information about processes is
not available or optimization methods are so complex as to
make it undesirable for decision makers to implement them.
Furthermore, in some situations it may be necessary to
instantly inform customers placing orders of the completion
time of their jobs without having any information about
future incoming orders. In such cases, it may be preferable to
have some simple rules to assist a decision maker, for
example a shopfloor manager, to decide and prioritize a set
of tasks virtually instantly. Dispatch rules are frequently
mentioned in operations management literature, these
provide fast, simple and effective solution methods for
many problems. The problem outlined below is one example
of a situation where on-line methods are highly useful.

The motivation for considering scheduling with starting
time windows, whose complements are forbidden zones,
arose from work by Abdekhodace on a supply chain
problem. In that problem a certain activity (ship berthing)
was not allowed to commence inside particular time
intervals.
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More generally, in some scheduling problems processing
may continue but may not be initiated during certain
intervals. For example, this will occur if a particular service,
such as an operator’s attendance is required at the initiation
and the completion of certain tasks but not throughout the
whole process. The objective is to carry out all tasks in
minimum time, given that the operator’s attendance is
limited to certain time periods.

We begin by recalling some definitions and results from an
earlier complementary paper (Abdekhodaee and Ernst,
2004a), which studied the off-line version of this problem.

Denote the 7 jobs to be scheduled by J; ... J,.. Let p, be the
processing time of J;. Furthermore, we shall assume from
now on that p,<1Vi. We partition time into a set of abutting
intervals I={I},L,...,I;} with [,=[0,2], ©L=[2,4].
I;=1[25—2,2s]. Each I; includes a corresponding forbidden
zone F;cI; V;, where I, =(1,2], F;=(3,4] ... Fy=(2s—1,2s].
We call the intervals I\F; the allowed zones. Below, when we
refer to intervals we shall mean the sets 7.

Forbidden zones represent time intervals during which a
job cannot be started, but can be processed (Figure 1).
Furthermore, if a job is completed before the end of a
forbidden zone, it will be released at the start of the next
interval. Thus, the latest time a job may commence in /; is at
t=2j—1.

The objective is to sequence the jobs so that the number of
intervals used is minimized. (If the last forbidden zone
contains a job, then this is equivalent to minimizing the
maximum completion time or makespan.)

Abdekhodaee and Ernst (2004a) showed, for example,
that the decision version of the (off-line) problem when all
intervals are of equal length (|7 =1,Vi) and all forbidden
zones are equal (|Fj = F,Vi), is NP-complete in the weak
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Figure 1 Intervals and forbidden zones.

sense. Abdekhodaee and Ernst’s (2004b) empirical results
suggest that list scheduling and other simple heuristics
perform best when F/I is close to 0 or 1, and that the most
difficult cases occurred when F/I is close to 0.5.

There is a close link between our problem and that
of bin packing. This becomes particularly evident once we
consider integer programming formulations of the two

problems.
We first recall the bin packing problem. Suppose we have
n items with sizes py, ...,p,. We assume that p;<1 Vi Let

x;;=lifitem iis allocated to bin j and x;;= 0 otherwise. Also
let z;=1 if bin j is used and z;=0 otherwise. Then our
problem is

miny (1)
j=1

subject to

n

S xp=1, Vi (2)

=1

xj<zj, Vij (3)
> pixy<l, Y (4)
i=1

i, 2 € {0, 1} (5)

The objective function (1) that we wish to minimize
is the number of bins used. Constraint (2) ensures that each
item is allocated to a bin. Constraint (3) indicates that an
item can be assigned to a bin only if that bin is used.
Constraint (4) specifies the size constraint, namely that the
sum of the sizes of items allocated to a unit-sized bin cannot
exceed one.

We now modify the above model to handle the forbidden
zones problem. Let x;;= 1 if job i starts and ends in J\F; and
x;;=0 otherwise. Also let z;=1 if I; is used and z;=0
otherwise. We introduce new variables to handle jobs
finishing in (the closure of) forbidden zones. Let y;=1 if
jobistarts in /;and ends in F; and y;= 0 otherwise. Then the
forbidden zones problem can be formulated as follows:

min)_z (6)
J=1

subject to
Doy =1, Vi (7)
=1

Xj + yi<z, Vi,j (8)
> pixy<l, Y 9)

i=1
> yi<l, v (10)

i=1
Xijy Vijs Zje{07 1} (11)

Constraint (10) ensures that at most one job can be
processed in a forbidden zone. We now recall some
definitions related to on-line scheduling. We shall consider
the one-by-one (Sgall, 1998) or on-line list (Pruhs et al, 2004)
version of on-line job scheduling. That is, we assume that all
jobs are available at time 0 but they are presented to the
scheduler one-by-one, in a list. The scheduler obtains
information about the next job on the list and has to
irrevocably schedule the job, that is assign the job to a time
slot, based on this information, prior to being shown the
next job on the list.

We also recall the definition of a c-competitive on-line
algorithm. An on-line minimization algorithm A is said to be
c-competitive if A(1)/OPT(I)< c for all job instances I, where
A(l) and OPT(I) are the objective function values for
algorithm A4 and the optimal solution, respectively.

The corresponding asymptotic performance ratio R (x) is
defined as follows. Suppose that p,..=o, 0<o<l then
R (2) =inf{r>1: for some N>0, A()/OPT(I)<r, for all I
with OPT(I)> N3}.

We shall, in particular, consider the case when o = 1/m for
some positive integer m.

A competitive ratio lower bound

There are many results about lower bounds and the
performance of various on-line algorithms for bin packing
(eg Coffman et al, 1997). In general terms, even small
improvements in these results are often achieved at the cost
of substantial increases in the complexity of the proofs. The
current best lower bound on the competitive ratio is 1.54014
(van Vliet, 1992). The competitive ratios for the first fit and
next fit bin packing algorithms are 1.7 (Garey et al, 1972)
and 2 (Johnson, 1974), respectively. We shall present one
lower bound result for the forbidden zones problem after
proving the following proposition that points towards the
relation between the bin packing and forbidden zones
problems.
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Rearrange the jobs in non-increasing order of their
processing times and denote this new list by Ji ... J,. Let
p; be the processing time of J;. Thus pi=pb> ... =p;,. We
have the following relationship between the optimal solu-
tions of the bin packing and the forbidden zones problems.

Proposition 1 Suppose the optimal solution to the bin
packing problem for the n—i smallest jobs is i bins. Then an
optimal schedule for the forbidden zones problem is i intervals.

Proof Firstly we show that i intervals suffice for the
forbidden zones problem. Apply the optimal bin packing
solution to placing jobs Jj | ... Jj, in i allowed zones. Now
add the remaining i longest jobs Ji ... J; to the i forbidden
zones. On the other hand, if the optimal solution to the
forbidden zones problem requires fewer than i intervals
then by swapping any jobs that finish in the forbidden
zones with shorter ones wholly in the allowed zones we
obtain a solution to the bin packing problem for the
n—i shortest jobs requiring fewer than i intervals, a
contradiction. O

Some lower bound proofs for on-line bin packing rely on
using jobs with excruciatingly small processing times. Our
next proposition uses an argument adapted from a proof of
the result, that no on-line algorithm for bin packing is better
than %—competitive (Liang, 1980). It does not require jobs of
duration less than .

Proposition 2 No on-line algorithm for the forbidden zones
problem is better than %—competitive.

Proof Assume our algorithm A is c-competitive. Consider
a sequence of n jobs each of length % — ¢&. Provided that 8<%,
and that n is divisible by 3, 4 requires at most a<cn/3
intervals, since the optimal solution requires 7/3 intervals.
Suppose we are then presented with 2n jobs of length % + e.
Suppose that 4 uses an additional b intervals for these jobs.
Each of these b intervals can accommodate at most two of
these new jobs, whereas each of the first a intervals could
accommodate up to three of the original n jobs. Thus,
3a+2b>3n. Also a+b<cn since the optimal solution
requires n intervals. Hence (3—2c¢)n<a<cn/3. So 02% O

There is a strong connection between bin packing and
forbidden zones algorithms. Suppose B is a bin packing
algorithm that never allows, during its execution, a gap of
size larger than 1/m in a bin, other than possibly the last
open bin. We can generate a forbidden zones version B’ of B
in the following way. If p;<1/m ignore the forbidden zones
and place the job in the appropriate allowed zone according
to B. Otherwise, if p;>1/m place the job in the first available
allowed zone. If this is not possible place it in the first
available forbidden zone. If that is not possible, generate a
new interval and place the job in the allowed zone of the new
interval.

Lemma 3 If a bin packing algorithm B never allows a gap of
I/m in a bin then Rz (1/m)+(1/m)<Ry(1/m)<(m+1)/
(m—1).

Proof Consider the worst case instance for B. No jobs can
be larger than 1/m. Replace any job of size 1/m, with a job of
size (1/m)—e. Thus B’ would not place any jobs in the
forbidden zones.

Suppose for this instance, an optimal solution for the bin
packing problem uses n* bins and so B uses n>(Rp —¢&)n*
bins. We add to this instance n* jobs of size (1/m)—¢. Since
B’ cannot schedule these jobs in the forbidden zones, they
must be placed in the allowed zones resulting in an increase
of (n*/m) intervals. However, based on the optimal solution
for the bin packing problem these jobs can be put into the
empty forbidden zones of the n* intervals. That is, there is no
increase in the number of intervals. Thus we have

1
B/1: %
()=n+-n

OPT(I)<n*
Therefore,

B'(I) nt (1/m)n*
oPT(I)~ n*
(RE (1/m) + (1/m))n" — en”

1 1
(D) 4 L
m m

On the other hand, at worst, B’ will leave all forbidden
zones empty. The gap in any allowed zone, except possibly
the last one, must be less than 1/m. So all allowed
zones, except possibly the last, in the B’ solution are at
least 1—(1/m) full. On the other hand, in the optimal solution
each forbidden zone is at most 1/m full. The result
now follows. [

=

Bounds for four on-line algorithms

In this section, we propose four on-line algorithms, including
adaptations of three well-known bin packing algorithms,
namely first fit, next fit and harmonic.

List scheduling (LS)

List scheduling (LS) sequences the next job on the list in the
first feasible position. Thus, provided the previous job has
completed by the end of the current allowed zone, we
schedule the next job immediately after it. Otherwise, we
start the next job at the beginning of the next available zone.
(If the previous job finishes at the end point of an allowed
zone we start the next job at the beginning of the abutting
forbidden zone.)
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Proposition 4 R (1/m) =1+ (1/m)

Proof Consider the concatenation of n sequences, each of
m+ 1 jobs consisting of m jobs each of length (1/m) followed
by a job of length ¢. LS requires n intervals, whereas the
optimal solution requires only nm/(m+ 1)+ 1 intervals, for
sufficiently small .

On the other hand, for LS, each allowed zone except
possibly the last one, is full. So, LS is at worst (1 4 (1/m))-
competitive. [

Half Next Fit algorithm (HNF)

This algorithm which is adapted from the next fit (NF)
algorithm for the bin packing problem operates as
follows.

HNF always considers only one active allowed zone.
Whenever a job arrives, if its size is smaller than the gap in
the active allowed zone, the job is placed into that zone.
Otherwise, if the size of the job is greater than or equal to %
we place the job into the first available forbidden zone. If
there is no available forbidden zone, close the current
interval, open a new one and place the job in the allowed
zone of that interval. If the size of the job is less than % we
close the current active allowed zone and open a new one
and place the job in that zone.

Based on Lemma 3, we know that the competitive ratio is
at least 2.5 since R (3) = 2 (Coffman ez al, 1997). However,
the following proposition shows that, in fact, the asymptotic
performance ratio of HNF is 3.

Proposition 5 Ry-=3.

Proof We first show that Rzjxz=>3. Suppose a job of size
%— ¢ followed by a job of size 3¢ arrives. Repeat this
sequence n times. Note that since all jobs in this instance are
smaller than %, HNF cannot place a job in a forbidden zone.
HNF would put a job of size % — ¢ and a job of size 3¢ in an
allowed zone. The gap in the allowed zone is smaller than
%—s. Therefore the current active allowed zone is then
closed and the next job is placed in the new active allowed
zone. HNF would need n allowed zones for this instance.
Whereas in an optimal solution, 3 jobs of size %— & can be
scheduled in an interval (that is, an allowed zone and a
forbidden zone). For n jobs of size %— ¢, § intervals are
needed. Also for n jobs of size 3¢, and sufficiently small ¢ the
optimal solution would place them in one allowed zone.

Therefore we have

HNF(I) =n
0PT(1)<§ +l
HNF(I n

— 3ifn — oo

Now we show that Rzyr<3. Let s(a;) be the sum of the
processing times of the jobs in the ith allowed zone and
s(f;) be the processing time of the job in the ith forbidden
zone. It follows from the definition of HNF that
s(a;)>0 = s(a;) + s(f;)>3Vi<j. So, if HNF(I)=n then
we have at least n—1 groups of jobs each of size at least %
Clearly, OPT()=(n—1)/3. O

Proposition 6 (7 + m—1)/(m(m—1)) < Risn(1/m) < (n* + m)/
(m(m—1)) and Rgy1/m)~(m+1)/(m—1) as m— 0.

Proof The proof follows from Lemma 3 and the fact that
R H1/m)=m/(m—1) (Coffman ez al, 1997). O

Proposition 7R3, -(3) = 3.

Proof By Proposition 6 we have Ryy:(3)<(2* +2)/
(2(2—1)) =3. In the proof of Proposition 5 no job is
longer than 4, so Ry ,(3)=3. O

Suppose now that we modify HNF so that our new
algorithm, ANF, say, always considers only one active
allowed zone, and whenever a job arrives, and if its size is
smaller than the gap in the active allowed zone, the job is
placed into that zone, as for HNF. Otherwise, if the size of
the job is greater than or equal to b (where h<1) we place
the job into the first available forbidden zone. If there is no
available forbidden zone, close the current interval, open a
new one and place the job in the allowed zone of that
interval. If the size of the job is less than b we close the
current active allowed zone and open a new one and place
the job in that zone.

Proposition 8 2 + |b + §| <R} <4.

Proof We first show that 2 + |b + 1] <R} Assume first
that b>%. Consider a sequence of 5u jobs consisting of n
quintuplets of the following size jobs: h—¢ followed by 4e,
1—b—e¢, 4¢ and h—e. Note that since all jobs in this instance
are smaller than b, bNF cannot place a job in a forbidden
zone. Clearly bPNF(I) = 3n and OPT(I)=n+ 1. Now suppose
that b<%. Consider a sequence of 3n jobs consisting of n
triplets of jobs of size b—e, 1-2b—¢ and 4e. Clearly,
bNF(I)=n, since no forbidden zones are used. Now
OPT()=(n/2)+1,50 2 + [b + (1) <RS-

Now we show that R;yr<4. Suppose that bNF(I)=n,
then s(a,) >0 and hence s(a;) + s(a@;+ 1)>1 for i=1... n—1.
So > /_1s(a;))>(m—1)/2 and OPT(I)=(n—1)/4 proving the
result. [

Hualf First Fit algorithm (HFF)

This heuristic, half first fit algorithm (HFF), makes use of
the first fit (FF) algorithm for the bin packing problem. Its
procedure is as follows.
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Whenever a job arrives, if the size of the job is smaller
than or equal to a gap in one of the existing allowed zones
then we schedule the job into the first such gap. Otherwise, if
the size of the job is greater than or equal to % we place the
job into the first available forbidden zone. If there is no
available forbidden zone we open a new interval and place
the job in the allowed zone of that interval. If the size of the
job is less than % we open a new allowed zone and place the
job in the new zone. The motivation for this is to try to place
the longest jobs in the forbidden zones.

Proposition 9 3< R}y, <37

Proof Firstly we show that 3<R},. By a result of
Johnson ez al (1974), Ry:(.4) =3. It follows that, for any
0> 0, there is an instance [ for the bin packing problem, with
all items of size <1, such that FF(I)/OPT(I)>3— .
Suppose that OPT(]) uses n bins, thus FF(I) would require
at least (3 — 0)n bins. If we regard these bins as allowed
zones in the forbidden zones problem, the result still holds
since all forbidden zones are empty. Now we create a new
instance, I’ as follows. A job of size e is presented followed
by a job of size 1—¢. This arrangement is repeated n times
resulting in 2n jobs to be scheduled. Then a set of jobs in [ is
presented. HFF would require n intervals for the first 2n jobs
and (3 — 6)n intervals for the jobs from /. On the other hand,
the optimal solution would utilize only n+ 1 intervals since
the n jobs of size 1—¢ can be put into forbidden zones and
one interval for jobs of size e suffices. Thus %<R§I°FF.

We now show that Ryrr<2.7 by slightly adapting the
proof by Johnson et al (1974) showing Rpz=1.7. Consider
the following weighting function:

6 if0<x<}
9 1 oipl 1
Yo gy
w(x) = 6 1 1 |
g.x =+ 10 lf <’C<§
1
1 lf’C E
Let L=(a,...,a,) be an input instance and

W(L)=>"7_1w(a;) be its corresponding weighting function.
Also define W(I)=Y"j_ w(a;), where a;, j=1, ..., t are jobs
scheduled to an interval 1. We make use of the following two
results by Johnson ez al (1974), for the bin packing problem:

1. For any bin B, W(B)<{j a
OPT(L).

2. If FF uses k bins B ..
thus FR(L)< W(L)+ 2.

and therefore W(L)<

. By then YF_ \W(B)>=k—2, and

We now apply the above two results to the forbidden
zones problem. For any interval 7, consider the jobs entirely
within the allowed zone. If we regard the allowed zone as a
bin B we have W (B) <1 1o- Any job in the forbidden zone has
a weight no greater than 1. Thus, for any interval 7, we have
W(I)<3j. So, W(L)<TOPT(L).

Now consider a schedule S obtained by employing HFF.
We create a new schedule S’ by removing all jobs that are
scheduled to forbidden zones in S. Note that if we con-
sider only allowed zones, S’ which uses s, say, allowed
zones (hence intervals) can be regarded a set of s bins,
B, packed by FF. Since W(B)=s—2 thus W(S')>=s-2.
So, HFF(S) = s<W(S') + 2<W(S) + 2<3l0PT(S) + 2,
proving the result. [

Half Harmonic M algorithm (HH ;)

Lee and Lee (1985) proposed Harmonic M, an improvement
on FF, which keeps M bins open at any one time. They used
the following sequence, k; =1 and k;,  =k{k;+ 1) for i>1,
proposed earlier by Liang (1980). They showed that Ry is
monotonically decreasing with M and that limy—.. Rf;, =
> kl =1.6910...

The algorithm divides the unit interval (0,1] into M
subintervals ;= (1/(j+1),(1/)] (1<j<M) and I,,=(0,(1/
M)]. The corresponding version for the forbidden zones
problem, HH,,, always considers M allowed zones at a time.
A job is called an I-job if its size belongs to interval /.. An
allowed zone is called an I; allowed zone if it is de51gnated to
process only /; jobs. At any one time, there are M allowed
zones avallable one for each /; (1<j<M). Whenever a job
arrives, if it is an /-job and its size is smaller than the gap in
the active I; allowed zone, the job is placed in that zone.
Otherwise, 1f the size of the job is greater than we place the
job in the first available forbidden zone. If there is no
available forbidden zone we open a new interval make its
allowed zone of type I; and place the job in the allowed zone
of that interval. If the size of the job is less than or equal to %
we open a new [; allowed zone, for the appropriate 2<j<M
and place the job in the new allowed zone.

Below, we prove, by a series of lemmas, using argu-
ments similar to those by Lee and Lee (1985), that
limpy o Ry, = 1.9231177...

To facilitate our analysis, we shall refer to a job with size
larger (not larger) than % as a large (small) job.

Lemma 10 Consider any instance J of jobs presented in a
particular order. Let J' be the same set of jobs in the same
order save that the large jobs are now presented first. Then
HH(J") = HHp(J).

Proof The L, ..., I allowed zones for both J and J' are
identical. The number of I; intervals for J is less than or
equal to that of J’ since in J some forbidden zones in I ... I,
may be non-empty, whereas for J' all I, ... I, forbidden
zones are empty. [

Lemma 11 For each forbidden zones problem, with an
optimal solution consisting of n intervals, there exists an
optimal solution containing the n largest jobs in the forbidden
zones.
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Proof Consider an optimal solution and swap the n jobs in
the forbidden zones (considering an empty forbidden zone as
a job of size 0) with the n largest jobs. The new solution is at
least as good as the optimal one. [

Based on Lemma 10 which states that the worst case
behaviour of HH,; occurs when all the large jobs are
presented prior to the arrival of small jobs, we adapt the
result of Lee and Lee (1985) slightly and follow their
notation. Let ;. be the number of [ jobs in an input instance
L and S, be the total size of I, jobs. Also, let m; denote the
number of [ zones used (which means both allowed and
forbidden zones for k=1 and allowed zones for 1 <k<M).
Thus, we have

and for 2<k<M

and it is easy to see that

MSM
<|—F 1
<[ 2] +
since an [, allowed zone (except possibly the last one) can,
at worst, have a gap of size (1/M)—e.
It is clear that we can obtain a bound on the number of
intervals used by HH,,. Thus we have

<[]+ 73]+ [5] 4

MSM
M—1

I’lel
M -1

ni ny
<— =
2 + 2

+

ot + M+ 1

Since we consider the asymptotic performance of the
algorithm, the last term, M+ 1, can be ignored. As for
Harmonic,, for bin packing, each [;-job contributes to 1/k
interval for 1 <k <M, since in an [ -interval, there can be at
most k I[i-jobs scheduled in its allowed zone and its
associated forbidden zone is left empty. This is because, as
proposed in Lemma 10, we only consider the case where
large jobs (if there is any) are presented before all the small
jobs resulting in no large jobs scheduled in the forbidden
zones of the Ii-intervals (for k> 1). This is also true for I,,,
that is the I,,-jobs contribute at most to Msy,/(M—1)
intervals. However, our [;-jobs are slightly different from
that of Harmonic,; for bin packing. Since all the large jobs
arrive first, they can be placed in the allowed and forbidden
zones of their /;-intervals. Hence an I;-job contributes to % of
such intervals. Based on these differences, we modify slightly
the fraction function g for harmonicy, algorithm, defined

earlier by Lee and Lee (1985). Thus

1
5 if x € I[
1 .
g(x) = % ifxeland 1 <k<M
—— ifxely
Let L=(ay,as, ...,a,) be a sequence of jobs that needs to

be scheduled. Suppose that an optimal solution for the
forbidden zone problem uses L* intervals. Let the list
of jobs in the ith interval be (yi,yn,...,ys) Wwith
yii=yn=...2pyi,>0. Since, in the optimal solution, the
sum of the job sizes in an interval (except for possibly the last
one) must be larger than 1 and less than or equal to 2 and
only one job is allowed to be processed (not initiated) in a
forbidden zone, we have 1< Y, y;<2 and Y7, yy<l.
Also let G; 5, denote >3 g(yy).

Let S={(vi,p2 .-yl >0, 1<i<t, 1</ 1p,<2 and
Si—oy<1} and let Gy =supsd j—1(v;), where the supre-
mum is taken over all sets {y;} satisfying the above
conditions. We have

I
:ZGi’M + M + 1
i=1

<(Gu)L* + M + 1

Since we seek the competitiveness of HH,,, it is apparent
that

~ _
RHHM <Gy

Thus we now investigate an upper bound for G,,.

As in Lee and Lee (1985) for bin packing, we can
also state a relationship between the size of a job and its
fraction function. That is, we establish a connection between
a job processing time and the number of intervals used. For
xel, where 1<k<M, g(x)=1/k and 1/(k+1)<x<1/k.
Thus g(x)/x<(k+ 1)/k. That is,

8(x)

g) _k+1

. 1
<
. o 1fx\kf0r1<k<M

and obviously we have,

glx)<x, ifx<l1
and
g(x) M .
== f 1
x -1y "TEm
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We define two sequences. Our first sequence, L, thus is

L =1
h=2
=2
Iy =3

Liyi1 =4 + 1), forj>3

For the other one, we make use of the well-known bin
packing sequence mentioned earlier. Namely

ki =1

kj+1 :k/(k/ —+ 1) for j>1

Note that these two sequences satisfy the following

inequalities
( : )
+ ¢ <l
i=2 i+ 1

since, for small enough S and ¢>0

i(ﬁ+g>:<%+8)+e+e>

MU)

for any S and small enough ¢ >0 and, for the latter sequence.

s 1
Z(ki+1+8><l

i=1

for any S and small enough &> 0. The proof of this result is
similar to that of the first sequence.

SIS (o,
—\ki+1 " 7) S \ki ki

=1 + Se

kst
<1

Since our objective is to minimize the number of intervals
used and only jobs of type I; can be processed in for-
bidden zones, we need to consider two cases: (i) when there
are no large jobs in the input instance, (ii) otherwise. Note
that here i>2, j>2, <M</ and ki;<M<k; .

Case 1: m; =0. We start by considering the first case, that is,
where n;=m;=0. Here we have y;¢1;. Thus, y;<iVi=

1...¢. Then we have g(yi)<%yi. Therefore, Gy < Zf:l g X
(i) <331 »i<3-3as Y1 »<3 (the largest job that can
be scheduled to a forbidden zone is of size at most %). Thus,
in the case where there is no large job in the input instance,
we have

9
Gy < 1= 2.25
However, the above bound can be improved since
g(yi) <3y; can be tightened. That is, if y;<} then g(y;) <%y
and so on. Since "/_,y;< 1, there can be at most two jobs of
type I, and we wish to obtain as large g(y;) as possible for a
particular y;,. So we may assume that y,, y;€/. Thus we
have Y°;_, yi<i—2e<{ for some £>0. For g(y4) to be as
large as possible, we assume y;el;. This makes
S syi<{ —3e<g. That is, g(y)<By; for i=5. If we
continue this process, eventually we would have two
mutually exclusive cases.
Subcase 1.1: Suppose that yy € I, y2 € I},, y3 € I, ya €
I, ....yu—1 €1, and y,¢ 1, where u<j. Since Y, _oy,<1,
=2y >S5/ + 1) and 3571/l 4+ 1= 1=(1/(+ 1),
thus we have S°i_ p,<1->""h1/(l,+ 1)=1/l,. Addition-
ally, as y, ¢ 1,, so y,<1/(l,+ 1) for all s=u. Thus we obtain a
bound on G, for this case as follows:

1

Il S+ 2)y
Gy == - ne T2
vt 2 ;(1u+1)

1“1, +2) 1

RS AR s

_1+“*‘1+1+ 1

I A R A

1 14+11

2t

1 1

< - _

\2+le

Y
o

Subcase 1.2: In this subcase, we have y, € I, y» € I,
y3 €1y, ya €1p,,...,y; € I;. That is, a job of type [;,, where
2 <p<jisputin an [, allowed zone. Thus all smaller jobs
are placed in an I, allowed zone. Because ), _,y,<1 and
Sy > Sl D =1=( () thus S pe<
1/(/;+1). From the fact that M </, ,, it follows that y,e 1y,
Vs>=j+ 1. Thus we have the following bound:

/ MZi: 1y
Gu =g(y1) + Y _8p) + — 71—
p=2 -
oG MY
PR

In both subcases, it can be observed that GM<%+
e (1) + M /(M = 1);11).
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Case 2: m;>0. This case is slightly more complicated. We
consider three subcases where the last two deploy different
characteristics of the size of y; according to the sequence K.

Subcase 2.1: In this subcase, we have only one large job in
an interval of the optimal solution. Based on lemma 11, this
large job must be put into the forbidden zone. Hence
we consider y;el; and y,¢1;. Thus, y;<iVi=2...1. So
g(n) =14 and g(y;))<3y;Vi=2...1. Therefore, we have
Gy =Y 8(1)<g(n) + 321, »i<y + 3, since g(y1) =
% and >"7_,y;<1. So we have, in this subcase,

GM < % —+ % =2

However, this bound is not tight. This bound can be
tightened by using a similar argument to that in subcases 1.1
and 1.2 mentioned above. We modify slightly the input
instances in both subcases by replacing y, e, with y,el;
(since there must be one large job in the instance).
Nevertheless, the results of both subcases still hold for this
subcase as well.

Subcase 2.2: Here and in the next subcase, instead of using
the sequence L we make use of the sequence K and consider
the situation for which, in the optimal solution, there are at
least two large jobs. That is, y;el; and y, € I}, y3 €
Iy, v4 € Iiyy ..., yy € I, and y, 4 1€1;, for all v<i. Then
we have Y i_, . p<1=>, ol/(k,_ 1+ 1)7 1— q_ll/
(ky+1)=1/k,, since > 5_»y,<l and S p—hp,>3 751
(kp—1+1). Also since y, . 1¢1,, thus y,<1/(k,+ 1) Vs=v+ 1
Thus we have,

Gu =g(n) + >_g(v)
p=2

<sn) +g0m) + D+ %

1 1
<g(n) + gn) + o N
q v v

Subcase 2.3: We examine the case where y; € I, and
V2 €Ik, y3 € Iy, Ya € Iy, ..., yit1 € Iy, That is, in an
interval of the optimal solution, each job (y, where
2<p<i+1) is scheduled to an allowed zone. Therefore, all
other smaller jobs (y,, where ¢> i+ 1) are classified to be of
type Iy, Thatis, Y, i+2Vp<1/(k; 1) since >p—2yp,<land
Sitly >Z’“1/(kv D=0k, + 1. And  as

M<k;, | so ysely for s>i+ 1. Consequently, we have

Gu =gn) + Y _2(v)
p=2

i+1 t
s=Ii Vs
=g(n) + &) Z M SV )
p 1) -
1 M(Zi-:wzys)
=g0n) + g0») + ; t—0r 1

=2

Note that the structure of the proofs for subcases 2.2 and
2.3 is similar to those of subcases 1.1 and 1.2 except for the
different sequences used. It is not difficult to see that, for
subcases 2.2 and 2.3, Gy, <1+ Z;=2(1/kq) + M/(M—1)k; 1.
We note that this result is the same as that of the Harmonic,,
algorithm for bin packing.

After considering all cases, we can conclude that the
tightest upper bound for G, is

[ M 1 M
Z SR | B R
max(z*iz B +[12_:1c,,+(1\41)k,-+1>

for a particular M. If M>3, M</,, and M<k;;, so
jzi+1,j=i+1,j=3 and i>2, we have

T

[ LIPS /A B L S A
2 :21 (M-1l1 " 2 p:zlp (M —1)l42
IR S B
2 ,,zzlp (M = 1)li42
U = B B
2 2 p:3lp (M — 1) 42
R R
qzzk (M — ki
R N
kg (M =1k
since /; <k, Vi=2. Therefore, if M >3, we have
1 z’:l il M
2 Iy l,+1 e kg (M — 1)k

The upper bounds for G,, for different M are shown
: _3 _
in Table 1. Let Ux=3+3+ 5+ ¢+ 55 + - =
1.923117753 ...

Thus we have the following lemma.

Lemma 12 For M=3 and < M<l;,\, Ry, <Gy <} +
p: (1/1) (( —l)lj+1) andllmM_,aoRHHM\U
1.923117753 ...
Now we obtain a lower bound on the competitive ratio
for HH,,.
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Table 1  Upper bounds on the competitive ratio HH,, for
different values of M
M Upper bound for Gy,
3 2.00
4 1.94444. ..
5 1.93750...
6 1.93333...
7 1.93055...
10 1.92592...
13 1.92361...
157 1.92312...
o0 1.9231177
Lemma 13 limy/ .o Ry, = Us = 1.923117753...

Proof In order to prove the claim, we make use of the
sequence {/}. Suppose that M =1/;+ 1 where i— oo and nis a
multiple of /; (hence, divisible by 2). Consider the following
input instance, in jobs which consist of # jobs of size @ where
ael, and n jobs of size 1/(/;+ 1) + ¢ for each j, where 2<j <.
Note that the jobs are presented to the scheduler in non-
increasing order, that is, n jobs of size a are presented first
followed by n jobs of size 1/(/,+ 1)+ ¢ and so on. For this
instance, HH,, would use [ n/l;] allowed zones for n jobs of
size 1/([;+1)+¢& where 2<j<1i, since, for these jobs, HH,,
would leave all their corresponding forbidden zones
empty. Thus HH,, would need [n//;] intervals for n
jobs of size 1/(/;4+1)+¢. Additionally, HH,, needs n/2
allowed zones and n/2 forbidden zones for n jobs of size a.
Thus we have

=
since, by our assumption, [ n/l; | =n/l,.

Whereas the optimal solution uses only # intervals. Thus
we have

HHy(L) L[ (1 1 1 1 1
diylt) Ly 0 0 0L
OPT(L) n|2 27273127 156

= 19231177

Therefore, Ry, >1.9231177.

Note that, in this proof, the input instance contains » large
jobs. However, the result is still valid when there are no large
jobs in the instance. This can be shown by simply replacing n
jobs of size a with n jobs of size b where he I, in the above
instance. [

We have thus proved

Proposition 14 lim, o, Ry, = Ux = 1.9231177. ..

Simulation study

In this section, we present an experimental study of the four
algorithms. Since this problem is NP-hard we did not
attempt to find optimal off-line solutions but rather
measured the performance of each algorithm by calculating
the ratio of the on-line solution/lower bound. This ratio is
recalculated every time a new job is considered. A lower
bound for the optimal makespan is j intervals, where
Jj=min{k:> 7_,  1pi<k}. Note that for HH,, we investi-
gated the performance where M is set to 4,7 and 10.

We study the performance of the scheduling algorithms on
job sequences which are generated by the following
distributions: bounded normal, bounded exponential, trian-
gular and uniform. We also consider the cases where jobs are
uniformly distributed and arrive in either non-decreasing or
non-increasing order of processing time. The instances
consist of 500 jobs and jobs are bounded between either
[.1, 1] (in 10 steps) or [.01, 1] (in 100 steps). Each simulation
was performed 10 times and the mean performance is
presented here.

The results show that the performance of the algorithms
do not appear to be significantly affected by the particular
probability distribution used. However, it seems to be
influenced by the number of steps. When jobs are bounded
exponentially distributed, that is when there are more small
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Figure 2 Graphs of the ratios of LS, HFF, HNF and HH,,
when jobs are generated by the bounded exponential dis-
tribution. Bounded exponentially distributed and (a) 10 steps,
(b) 100 steps.
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jobs than large jobs, HFF outperforms HNF and HH,,
significantly and LS performs worst. This is because LS puts
small jobs in forbidden zones. Whereas HFF, HNF, HH,,
leave forbidden zones for larger jobs. When the number of
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Figure 3 Graphs of the ratios of LS, HFF, HNF and HH,,
when jobs are generated by the uniform distribution in 100
steps.
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steps is ten, HNF is better that HH ;. However, when we set
the number of steps to 100, HH,, outperforms HNF. The
results of the simulations are shown in Figure 2a and b. Note
that HH, is used to exhibit the performance of HH,, since,
for all distributions studied, HH; performed better or
similarly to HH; and HH,.

For the other three distributions, namely bounded
normal, uniform and triangular, HFF still performs better
than HNF and HH,;, and LS is the worst. With these
distributions, the numbers of small and large jobs are
similar. HFF, HNF and HH, would put only larger jobs in
forbidden zones, whereas LS may put some smaller jobs in
such zones. HFF outperforms HNF and HH,, because it
keeps several active allowed zones for future jobs whereas
HNF has only one active allowed zone at a time and HH ,
can only schedule i jobs to an [; allowed zone (hence, the
smaller i create a larger gap in an allowed zone). With all
three distributions, when the number of steps is set to 100
HNF outperforms HH ;. However, in the case of 10 steps,
HH,,; performs better than HANF when the job sizes are
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Figure 4 Graphs of the ratios of LS, HFF and HNF when jobs are generated by the uniform distribution and arrive in
non-decreasing or non-increasing order. Non-decreasing order and (a) 10 steps, (b) 100 steps. Non-increasing order and (c) 10 steps,

(d) 100 steps.
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normally and uniformly distributed and both perform
similarly when job sizes are created by a triangular
distribution. Figure 3 depicts the performance of four
algorithms when the job sizes are uniformly distributed with
100 steps.

When jobs sizes are uniformly distributed and jobs
arrive in non-decreasing order, HNF and HFF perform
identically, because the non-decreasing property of the
arriving job sizes means that HFF cannot put an incoming
job in a previous allowed zone. Initially HNF, HFF and
HH,; are worse than LS, since smaller jobs fill in the
allowed zones leaving forbidden zones empty. Once jobs
which are not less than % arrive, the empty forbidden
zones are then filled by these jobs resulting in a better
performance for HNF, HFF and HH,,. At this point, HNF,
HFF and HH,, are both better than LS. However, once all
the empty forbidden zones are filled, the ratios for HFF,
HNF and HH,; begin increasing again but they are still
better than LS.

Some interesting results can also be found when job sizes
are uniformly distributed and sequenced in non-increasing
order. These results are shown in Figure 4c and d. Here, at
the beginning, all four algorithms perform identically. Once
smaller jobs arrive, HFF outperforms LS and HNF, whereas
HH,, is the worst. The reason is that HFF has some gaps in
allowed zones for smaller jobs, whereas HNF cannot use
such gaps since it considers only one allowed zone at a time
and HH,, leaves too many gaps in allowed zones since the
smaller jobs cannot be scheduled to the allowed zones
reserved for larger jobs.

Conclusions and future work

In this paper, we discussed the one-by-one on-line scheduling
problem for a single machine with forbidden zones. We
provided a lower bound for the competitive ratio for any
on-line algorithm and discussed the relationship between
this problem and bin packing. Four on-line algorithms
were proposed, for which we derived various asymptotic
performance ratio results. An experimental study of
these algorithms revealed that their performance was not
significantly affected by the probability distribution used.
However, their comparative mean performance (as empiri-

cally determined) differed from that established by the
earlier worst-case analysis.

There are various ways to extend the above results. Can
the lower bound result be improved? Is there an algorithm
with a lower asymptotic performance ratio than HH,,?
What if F#11, or if F;#F and I;#1. How is the problem
affected if we allow p; to exceed 1?7
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